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Abstract. For plane curve singularities we construct a mixed Hodge structure 
(MHS) over Z on the fundamental group of the Milnor fiber. The concept 
nearby fundamental group is introduced and we develop a theory of iterated 
integrals along elements of this group. We give an example for which the MHS 
on the nearby fundamental group detects a modulus which is invisible for the 
MHS on the vanishing cohomology. 
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Introduction 

The building block for many invariants of plane curve singularities like the mon- 
odromy, the intersection form, the Seifert form, Coxeter-Dynkin diagrams, the 
mixed Hodge structure on the vanishing cohomology and the spectral pairs is the 
first integral homology group of the Milnor fiber or - which is the same - the 
abelianized fundamental group of the Milnor fiber. 

The restriction to the abelianized version of this fundamental group causes 



some serious limitations. E. g. Le Dung Trang [Lc72 proved that for irreducible 
plane curv e singu larities the monodromy (on homology) has finite order. However 
A'Campo [ A'C73| was the first to discover that the monodromy on the fundamental 



group of the Milnor fiber (where the one boundary component is collapsed to one 
point, the basepoint) has infinite order, whenever the singularity has at least two 
Puiseux pairs. This shows that the monodromy on the fundamental group is richer 
than on homology. 

For the study of analytical invariants of plane curve singularities, the first (^ho- 
mology group is of particular interest because of Hodge theory. 



1991 Mathematics Subject Classification. Primary 14B05, 14H20; Secondary 32S35, 14F35 . 
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Deligne [Del71| introduced in 1970/71 the notion of mixed Hodge structure 
(MHS) and showed that the cohomology of any complex algebraic variety carries 
such a MHS in a natural way. Schmid [ Sch73|] and Steenbrink [Ste76] determined 



a limit-MHS of a variation of Hodge structures coming from families of compact 
algebraic manifolds. This provided the background for the definition of the MHS 



on the vanishing cohomology of hypersurface singularities by Steenbrink [3te77]. In 
the case of plane curve singularities this is a MHS on the first cohomology group 
of the Milnor fiber. 

However, due to the fact that for irreducible plane curve singularities the mon- 
odromy on homology is finite, families of mutually right-left - but not necessarily 
right-equivalent plane curve singularities all have isomorphic MHSs on the vanishing 
cohomology. This holds, for example, for the family 

(0.1) fx(x,y)= (y 2 ~x 3 ) 2 - (4Az 5 y + A V) , A f 0, 

which is the singularity with Puiseux expansion 

y = a; 5 + \f\x~ 1 . 



In 1987 Hain [Hai87a|, [ Hai87c used Chen's iterated integrals to generalize 
Deligne's construction of a MHS on cohomology to a construction of a MHS on 
the homotopy Lie algebra for any complex algebraic variety with base point. In 
particular, this object contains a MHS which is called the MHS on the fundamen- 



tal group. Already before, in 1978, Morgan Mor7£] had used Sullivan's minimal 
models to put a MHS on the homotopy Lie algebra of smooth complex algebraic 
varieties. 



Hain also showed, in |Hai87b], that the local system of homotopy groups associ- 
ated with a topologically trivial family of smooth pointed varieties underlies a good 
variation of Q-MHSs, which implies by the earlier work of Steenbrink and Zucker 



SZ85| that there is a limit Q-MHS. 

This provides the background of the problemP] we study in this paper: Is there 
a generalization of the MHS on the vanishing (co)homology to something like 'a MHS 
on the fundamental group of the general Milnor fiber' in the case of plane curve singu- 
larities? 

In this article we show that the construction of such a generalization is possible 
and we will call it the mixed Hodge structure on the nearby fundamental group of a 
plane curve singularity. We develop a theory that allows us to take iterated integrals 
along certain paths in the central fiber. These paths mimic paths in the regular 
fiber. The given approach seems to be even new for the integration of elements in 
the vanishing cohomology. Due to this integration theory, the constructed MHS 
is defined over the integers. For instance in the family fx defined on page |^ this 
Z-MHS detects the modulus. The above formulated problem is the guideline of the 
paper. 

We consider first the situation of a degenerating family h : (Z,D + ) — > (A,0) 
of compact Riemann surfaces with r boundary components over the disk A C C, 
where the singular fiber, the fiber over 0, is a divisor with normal crossings D — 
D + U Do U • • • U D r _x . Its components are compact closed Riemann surfaces , except 
for the r components Dq, . . . , which are disks. Such a degenerating family 

can be constructed from a plane curve singularity / by a process that is called 



1 This problem was proposed to us by J. H. M. Steenbrink. 



NEW PERIOD MAPPINGS FOR PLANE CURVE SINGULARITIES 



3 



'semistable reduction' (see 5.1). Each of the disks Do, . . . , D r -\ corresponds to a 
branch of /. 

In this situation, we want to mimic a path in a regular fiber by a path in the cen- 
tral fiber. Let us give a finite version of the ideas that we develop in an infinitesimal 
way in Chapter |l|. Intuitively it is clear that the difficulties for this mimicry arise 
at the double points of the divisor with normal crossings D, which are all given 
locally by an equation: x-y = t. If t =/= 0, this equation gives within the central fiber 
(locally) a 1-1 relation between points off the double point in one component and 
points off the double point in the other. This is obviously not true for t = 0. For 
t 7^ 0, we consider then paths 7 that approach the double point in one component 
and leave it in the other component in such a way that locally for all e > holds: 

x o 7(7-0 -e)-yo 7(7-0 +e)=*, 

where 7(70) is the double point. By the identification that is sketched in Figure 0, 
these paths can be thought of as being in the fiber over t. 




Figure 1 . Identification of a path in the regular fiber of the map 
(x, y) t— > x • y = t with a path in the singular fiber. 



In this picture one can also observe that if \t\ is big, the path in the central fiber 
has to make a big detour compared to the corresponding path in the regular fiber. 
Therefore, the speed with which the path in the central fiber approaches and leaves 
the double point is a measure for the distance between the central fiber and the 
regular fiber in which the 'regular path' lives. We give an infinitesimal version of 



this idea in 1.2. Given a non zero tangent vector v in the tangent plane To A of the 
base space A and a non zero tangent vector w in the tangent plane T Po Dq at the 
disk Dq, we introduce the notion of a path over v based at w. Moreover, we define 
a homotopy over v based at w or shorter, a nearby homotopy, in such a way that 
the set of all nearby homotopy classes becomes a group that we denote by: 
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The Wi(Zff,w)}^ To A)*,we(T P0 D o )* form a local system on (T A)* x (T po D )*, 
which is isomorphic to a corresponding local system that comes from the funda- 
mental groups on the regular fibers (see L5 on page [l3]) . 

Denote by J = J^ t s the augmentation ideal of the group ring Z7r 1 (Z^, w). In the 
Chapters || and ||, we will define for all s > a Z-MHS on 

(0.2) Z^{Z,,w)/ji+}. 

This will be done by putting a Z-MHS on (j/,J s+1 )*, the dual of j/,J s+1 C 
Zn^Z^/ji+J. 

The main ingredient for the definition of these Z-MHSs is a differential graded 
algebra (dga) A*, which is made up from differential forms on the central fiber 
but whose cohomology is isomorphic to the cohomology of the regular fiber. It 
was suggested to us by HainQ to use a dga like A* and he proposed the problem 
of finding a way to integrate elements of this dga along some kind of paths in the 
central fiber. We discovered that the right notion of path for this purpose turned out 
to be the notion of a path over v (based at w). We will show that closed elements 
in A 1 can be integrated along paths in Zq over v in a natural way. This yields an 
integral structure on H 1 (A'), which is by this integration dual to j/j 2 . On A* 
we have nitrations W, and F* such that the induced nitrations together with the 
integral structure define a Z-MHS on H 1 (A m ) (see Theorem 2.11 on page p3). 



Since A' has an algebra structure, we can also define iterated line integrals along 
paths over v. We shall do this in Chapter|3| This will give a way (see 3.9) to describe 
Homz( J I J s+1 , C) in terms of the dga A', similar to Chen's classical 7Ti-De-Rham 
theorem (cf. (4.4) in ]Hai87c| ). 

These iterated integrals will lead to th e definition of a Z-MHS on (j/j s+1 )*, 
and hence to a Z-MHS on ( |0.2| ) (see 3.12). And furthermore, we will see that the 
variation of Z-MHS for all s > 1 



'e(ToA)*, w£(T P0 D )* 



is a nilpotent orbit of MHS (see 2.4 and 3.5) 



Let TTi(Zo,po) be the fundamental group of the central fiber and let Z7Ti(Zo,po) 
be its group ring with augmentation ideal Jo . We define a MHS on the fundamental 
group of the central fiber. This MHS is more or less a special case of the general 
construction of a MHS on the fundamental group of a complex algebraic varictiy 
as introduced by Hain | Hai87a | . We show that the obvious group homomorphism 

c : ni(Z#,w) -> TTi(Z ,p ) 

induces an inclusion of MHSs: 

c* : (JoMTT- (J/J^ 1 )*. 

In Chapter [| we show how all these considerations can be applied to study plane 
curve singularities 

/ = /o---/r-i : (C 2 ,0) -> (C, 0). 

Let t be a coordinate on (C,0). The tangent vector Jj in T C yields a finite 
number of tangent vectors in the base space of the 'semistable reduction'. If f is 



The dga A' is in principle a modified version of the complex P£(X*)[0] of |Hai87b| for this 
special situation with non compact fibers. 
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a distinguished branch of / and Do the disk corresponding to /o, then defines 
a finite number of tangent vectors in T Po Dq in a natural way, which we call the 
monstrance of (/, /q). We use this to define the MHS on the nearby fundamental 
group of a plane curve singularity f. This MHS depends on the tangent vector 
Jj, which is preserved under right-equivalence. It might be interesting to note in 
this context that if a right-left-equivalence between two plane curve singularities 
preserves that then the singularities are right-quivalent. This is a consequence 



of a result of J. Briangon and H. Skoda (see 5. 



Finally we consider the MHS on the nearby fundamental group of the example 
( jll| ) on page || and show that the extension of Hi by the part of weight —3 of J I J 4 
detects the modulus that is hidden for the vanishing cohomology. Here we focus on 
the effects due to the infinite order of the monodromy. 

In general we expect also interesting information from other parts of this MHS 
on the nearby fundamental group. Even the extension of H\ by H\ % H\ given 
by j/j 3 might contain interesting information. Also the decomposition of the 
monodromy into a unipotent and a semisimple part has still to be studied. The 
ideas described here for plane curve singularities have a counterpart for degenerating 
families of compact Riemann surfaces with a section (representing the basepoint in 
each fiber). Mutatis mutandis this is a special case of our construction. 

In the first two sections we chose to gather a few technical proofs in appendices 
in order not to cloud the simplicity of the construction. We recommend to skip 
these appendices for the first reading. 



Acknowledgements: This paper evolved from my thesis which was accepted at 
the Catholic University of Nijmegen. I am grateful to my advisor, Joseph Steenbrink 
for his continuous encouragement. I owe very much to many valuable conversations 
with Richard Hain and David Reed during a stay of three months at Duke University 
in spring 1996 and during a short visit of one week in spring 1997. As mentioned in 
the introduction, Richard Hain made some very useful suggestions for the problem 
I was looking at. Finally I would like to thank many people with whom I had 
interesting discussions and who gave encouragement during the preparation of my 
thesis. 
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1. The Nearby Fundamental Group 
In this section we describe our concept of nearby fundamental group. 

1.1. The Setting. Before we study plane curve singularities let us consider the 
folllowing setting. We are going to use this setting throughout the whole first three 
sections of the article. 

Let 

h : (Z, D+) — > (A, 0), 

be a map of space germs, where 

• Z is a complex manifold of dimension 2, 

• A = {z e C\\z\ < 1}, 

• Zq := h (0) = Ui>o is a connected reduced divisor with normal crossings 
(DNC) with components A for i > 0. The components intersect each other 
mutually in either one or no point. If it exists, the intersection point between 
A and A for k < I is denoted by pu ■ 

• D + := Uj> r -i A is the union of closed compact Riemann surfaces Di. 

• Do, . . . , A-i are disjoint open disks (r > 1). Each disk Di intersects D + 
in one point pi. Note that each point pi S {po, . . . ,p r _i} is in particular an 
intersection point of two components, i. e. pi = pa} for some I > r — 1. 

• Let Z* := Z \ /i _1 (0) and A* := A \ {0} as well as h* := h^ r . Then 

h* : Z* — > A* is a locally trivial C°°-fibration, where the closure of each 
fiber (in a bigger representative of [Z, D + )) is a compact Riemann surface 
with r boundary components. 

Moreover let us assume that we are given two nonzero tangent vectors 
v € To A and w € T po D . 
We make the following convention: 

"[k<l]" means "all pairs k, I for which D k n A and k <T. 
"[a<k<l]" means "all pairs k, I for which D k n D t ^ and a < k < 1" . 

For i > define 

P, := |J A H Dj and D? := C« \ P,. 

In section ^| we will extract such data like above with additional actions of finite 
cyclic groups from a plane curve singularity modulo right-equivalence. 

Remark 1.1. The construction which we are going to present can similarly be 
considered in the case r = 0. That is, a degenerating family of compact Riemann 
surfaces, where the role of tangent vector w € T Po Dq is played by a point w £ 
D + \ U[fc<2] The requirement that two components intersect in at most one 

point as well as that the components Di have no self-intersection can easily be 
dropped. In our exposition it keeps the notation simple and it will be satisfied in 
the case of curve singularities. 

1.2. Fundamental Group of the Nearby Fiber over a Tangent Vector. Let 

us explain in this subsection, what we mean by the fundamental group of the nearby 
fiber over a tangent vector. 
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1.2.1. The Hessian at a Double Point. Consider the Hessian of h in a double point 
Pki = Dk n Di. It is a symmetric bilinear form: 

H(h):T Pkl ZxT Pkl Z^T Q A. 

Since D/~ and Di intersect transversally we have T Pkl Z = T Pkl Dj~ © T Pkl Di . Note 
that H(h)(T Pij Di x T 1Hj D t ) = for {i, j} = {k,l}, that is to say that T Pkl D k and 
T Pkl Di are isotropic subspaces of H(h) in T Pkl Z. Therefore, the following restriction 
of the Hessian determines it completely: 

rjkf.T^DkXT^Dt^ToA. 

Putting all such maps for all double points together, we obtain a map: 

(•,•): UV^Vl-ToA. 
[k<l] 

When we are given local coordinates (x, y) around a double point pki in Z and a 
coordinate ion A such that in these coordinates 

h(x,y) =xy = t, 

then we find 

/d_ b d_\^ a , b d_ 

\ dx ' dy I dt 

1.2.2. Paths in Zq over v. Recall that wis a tangent vector in To A. We define a 
path in Z over v or a path in Z$ to be a continuous map 

7 : [a,b] — " z o, 

which, when considered as map to Z, is piecewise smooth and which satisfies the 
following conditions: 

(i) 7 is right- and left differentiable at all double points pki , [k < I] . 

(ii) For each double point pki with [0 < k < I] there are two possibilities: 

(a) either 7 stays in the same component while passing pa , or 

(b) it changes from one component to another. 

Assume that t € [a, b] is such that 7(70) = Pki- If 7 stays in the same component 
we require (and also for p ) 

-7- ro M = Wto^O 

and if 7 changes from one component to another we impose 

(-7^ To (to), 7>to(7o)) =v, 

where -f- T ° : [a; r ] — > Z and 7> T0 : [r ;fe] — » Z a denote the respective restrictions 
of 7. If ro is a resp. b, then we define r y- a (a) := j- b (b) resp. 7>&(o) := 7> a (a)- 

1.2.3. Closed Paths in Zq over v based at w. Let w be a tangent vector in T Po Dq. 
We define a path over v based at w to be a path 7 : [a, b] — > D + C Z§ over v with 
7(a) = 7(6) = po such that holds: 

{w, 7>o(o)) = v and (-j- b (b), w) = v. 
It follows that: j> a (a) = - A (- h {b). 
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1.2.4. Homotopy of Paths in Zq over v Relative to their Endpoints. Let p and q 
be two points in Zq and let 70 and 71 be two paths over v both starting in p and 
ending in q. We say that there is a homotopy over v relative to their endpoints p 
and q between 70 and 71, if there are continuous maps a, b : I — > R from the unit 
interval I to M with a(s) < b(s) for all s € / and 

H : {{t,s)\sel,te [a(s),b(s)}} — > Z 

such that #(-,0) = 70 and 1) = 71 as well as that for any s e I the map 
s) : [a(s), 6(s)] — > Zo is a path over u with endpoints p and g. If the context is 
clear we will call two paths in Zq over v with the same endpoints nearby homotopic 
relative to their endpoints, if there is a homotopy over v relative to their endpoints 
between them. Note that the notion of nearby homotopy relative to the endpoints 
p and q as defined above yields an equivalence relation on the set of all paths in Zq 
over v with endpoints p and q. 

1.2.5. Homotopy of Paths in Zq over v based at w. We say that there is a homotopy 
over v based at w between two paths 70 and 71 in Zq over v based at w, if there 
are continuous maps a, b : / — > R with a(s) < b(s) for all s € I and 

H : {(t,s)\s el,te [a(s),b(s)}} — > Zq 

such that H(-,Q) = 70 and H(-, 1) = 71 as well as that for any s £ I the map 
H(-,s) : [a(s),b(s)] — > Zq is a path over w based at w. If there is no chance of 
confusion we will call two paths in Zq over v based at w nearby homotopic when 
there is a homotopy over v based at w between them. Note that the notion of 
nearby homotopy as defined above gives an equivalence relation on the set of all 
paths in Zq over v based at w. 

Moreover, remark that a homotopy over v based at w between two paths over v 
based at w is in particular a homotopy over v relative to the basepoint pq between 
these paths. 

Proposition 1.2. 

(i) Every path 7 : [a, b] — > Zq over v (based at w) is nearby homotopic relative to 
its endpoints (resp. based at w) to a path 7/ : / — > Zq over v (based at w). 

(ii) Assume, two paths over v, say 70, 71 : I — > Zq with 70 (0) = 71 (0) and 
7o(l) = 7i(l) (resp. both based at w), are nearby homotopic relative to their 
endpoints (resp. based at w). Then there is a nearby homotopy 

H : I x I — > Z a 

such that H(-,0) = 70 and H{-, 1) = 71 as well as H(-,s) is a path over v 
with the endpoints 70 (0) = 71 (0) and 70 (1) = 71 (1) (resp. based at w) for all 

s el. 



For the proof of this proposition one has to reparametrize the paths and the homo- 
topies in such a way that the speed stays unchanged just in small neighbourhoods 
around the double points. For a detained proof we refer to [ Kae97 ], Prop. 5.3. 
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Figure 2. The disks on the left (right) show a coordinate plot in 
a component Dk (Di) with coordinate x (y). In these coordinates 
h is given by h(x, y) = x-y. The centers of the disks represent the 
intersection point pn = Dk fl Di. 
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Remark: Observe that for example each 7 for which there is a A £ [0, ^[ such that 

l(\-r)=l{\+T) Vre[0;A] 

is homotopic over v based at w with the path that does not go all the way to 7(5) 
but returns already from j(^ — A) = 7(5 + A), that is the path 

7 : [0; 1 - 2A] — > Z 

f , , / 7(t) f°rt<i-A- 

\ 7(t+2A) for t>|-A 

Let a(s) = and b(s) = 1 — 2sA. Then the homotopy is given by 
H {(t,s)\sel, t£ [a(s),b(s)}} — ► Z 

+ , > f 7 (t) for t<i-sA • 

\ 7(t+2sA) for t>i-sA 

We denote the set of all 'homotopy over v based at uf -classes of paths in Z over 
v based at w by: 

7Tl(Z t7 , w). 

Again, if the context is clear we will refer to elements of this set as to nearby 
homotopy classes. 7Ti (Z$, w) itself will be called the nearby fundamental group 
( over v based at w ). The term 'group' is justified by the following proposition. 

Proposition 1.3. ~K\(Z$, w) with the composition of 'paths in Zq over v based at 
w' is a group. 

Proof: Note first that the composition of two paths in Zq over v based at w is 
again a path in Zq over v based at w. Furthermore the composition of such paths 
gives a well-defined operation on the set of homotopy classes, which is associative. 

All paths 7 : I — > Z over v based at w with 7(5 — 1") = 7(5 + r) for all r £ [0; i] 
are mutually nearby homotopic. Call their nearby homotopy class e and note that 
it is the neutral element with respect to the above defined operation on homotopy 
classes. Given an element [7] £ tti(Z$, w), the inverse is represented by the path 
* h-> 7(1 - t) for t£ I. □ 

1.3. The Local System of Nearby Fundamental Groups. The association of 
m(Ztf, w) to a pair of non zero tangent vectors v £ (To A)* := TqA \ {0} and w £ 
(T Po D )* := T Po D \{0} gives rise to a local system^ of groups on (T A)* x (T po D Q )* 
as we want to point out in the sequel. We call this local system the local system of 
nearby fundamental groups and denote it by: 

For a homotopy class modulo cndpoints represented by a path 
ff=ax0:I ^(T A)* x(T Po D )*, 
i. e. a morphism of the fundamental groupoid of (ToA)* x (T Po Do)*, we define 

v* '■ ki(z s{0) , 0(o)) — > tti(z s(1) , 0(1)) 



3 By a local system of groups (vector spaces etc.) on a topological space Y we mean a con- 
travariant functor from the fundamental groupoid Il(Y) of Y to the category of groups (vector 
spaces etc.). Note that we multiply paths in their natural order, that is a * (3 means 'traverse a, 
then (3'. 
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in the following way. Let 7, a path over <J(0) based at /3(0), represent an element 
in tv\(Zs(o)i /?(0)). Moreover, let H : I x / — > Zq be a homotopy with the property 
that H(-,0) = 7 and H(-, s) is a path over a(s) based at (3(s) for all s £ /. Note 
that such a homotopy always exists. Then define: 

if* (M) := [^(-,1)]. 

In the following proposition we state that this [H(-, 1)] is well-defined and does not 
depend on the special choice of H. 

Proposition 1.4. Let ffi = di x ft : I — ► (T A)* x (T po D Q )* for i = 1,2 be two 
paths which are homotopic modulo endpoints. Let moreover Hi : L x I — > Zq for 
i = \, 2 be two homotopies such that Hi(-,s) is a path over a,(s) based at ft(s) 
for any s £ I. If there is a homotopy over <3i(0) = ob(0) based at ft(0) = ft(0) 
between Hi(-,0) and H2(-,0), then there is a homotopy over cfi(l) = (32(1) based 
at ft(l) = /3 2 (1) between 1) anrf ff 2 (", !)• 



The proof of this proposition can be found in the Appendix 1.4 



1.3.1. The Local System of Fundamental Groups. The locally trivial fibration h : 
Z* — * A* together with a section a : A — * Z defines a local system on A* by 
associating Tr 1 (Z t ,a(t)) to a point t £ A*. For a homotopy class modulo endpoints 
represented by a path in A* one considers trivializations of the fibration over this 
path, which have a as a constant section. Such a homotopy induces a map from 
the fundamental group over the starting point to the fundamental group over the 
endpoint. 

However, here we would like to consider a local system on A* x D'q. The idea 
is that such a section a corresponds to a point p in Zq by taking p = <r(0). We 
want to consider those sections a, where cr(Q) £ Dq. In order to be able to define 
morphisms we perform the following construction. 

Let t resp. p be coordinates on A resp. Dq such that A resp. Do are open disks 
with radius 1 in these coordinates. Consider the map 

7r : A x Dq — > A 
(t,p) ^\ P \-t. 

Observe that all fibers of this map are punctured disks although tt is not a 
locally trivial fibration. Nonetheless, if we define for any 5 > the annulus Dq := 
{p G -Do||p| > <5}, then the restriction of n to A x Dq is a locally trivial fibration. 

Let now P : A x Dq — > Z be a continuous map such that the following diagram 
commutes: 

A x Dq — — > Z 
7r\ y h 
A 

and such that Pi r , : DZ — > Z?n is the identity. 

|{0}x£>* uo 

For (5 > we define A 5 := {t £ A\\t\ < 5} and A^ := A s \ {0}. Then for any 
p £ Di we have a section of n\ 



o'n : A«5 — > A x Dq 
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fiber 




Figure 3. Picture of the map it (restricted to the real coordinates 
in A x £>q and A). 



Composed with P we obtain a section of hi , which we denote by er„ : Ag — > 

Z. Note (jp(O) = p. 

In the following, we will for any < S < 1 define a local system of groups on 
Ag x Dq. This system will be called the local system of fundamental groups and we 
denote it by: 



{ni(Z t , o- p {t))} [t p) 



To a point (t,p) in Ag x Dq we associate the group m (Z t , a p (t)). With a 
homotopy class modulo endpoints represented by a path 

77 = a x p-.I — >A* s xD d 

we associate a group isomorphism 

V* ■ H (Z Q(0) ,cr / 3(o)(a(0))) > 7T1 (^a(l) ) ^(l) ("(!))) ■ 

in the following way. 

Let 7 : / — > Z a (m represent an element of %\ [Z a r \, cr^( ) (o'CO))) and let H : 
I x J — > Z be a continuous map such that if (•, 0) = 7 and _ff (•, s) is a path in Z a t s \ 
based at C/3( s ) (a(s)). Then define: 

»j, ([7]) := [#(•, 1)] € ttx (Z a{1) ,a m (a(l))) . 

Define 

A 5 := {(p, e 2me ) eR^xS^p- e 2 ™ 6 £ As} . 



In the Appendix 1.4.2| we will define a local system on As x -Dq (and prove that 
it is well-defined) such that its restriction to A| x Dq by means of the obvious 

o 

embedding A| x Dq ^As xDq is the local system above. 

Note that the above defined local system depends on the choice of the map P. 



However, it will be a consequence of Theorem 1.5 below that two different such 
maps P yield isomorphic local systems. 
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1.3.2. Comparison of the two Local Systems. Here we compare the local system of 
nearby fundamental groups with the local system of fundamental groups on the 
fibration. We state the following theorem. Note that (TqA)* , (T Po Dq)* , A| and 
Dq are oriented by their complex structures. 

Theorem 1.5. Any pair of orientation preserving homotopy equivalences 

(TqA)* — > and (T Po D Q )* — ► D* 

induces an isomorphism of the local system of nearby fundamental groups on the 
product (TqA)* x (T Po Dq)* with the local system of fundamental groups on A| x Dq. 



The proof of this theorem will be given in Appendix 1.4. The link between the 
two local systems will be provided by a local system which we call the local system 
of the real blow-up. Here we will make use of a construction of A'Campo [ A'C75[ . 



1.4. Appendix. This Appendix consists of two parts. In the first part we give the 



proof of Proposition 1.4. In the second we compare the two local systems of 1.3 by 



constructing a third one and show that this is isomorphic to both of them. 

1.4.1. Proof of \l-4 : We know that there is a homotopy, say Ti : Ix I — > Zq, between 
H\(-, 1) and Hi{- : 1) by using first Hi as homotopy between H\(-, 1) and f/i(-,0), 
then using the homotopy between iJi(-,0) and 7?2(-,0) and finally using H2 as 
homotopy between 7?2(-,0) and H2(-, 1). The question is: Can such a homotopy 
be realized as homotopy over c?i(l) = 0-2(1) based at /?i(l) = /?2 ( 1 ) ? Define 
A := (<3i) _1 * <Si(0) * 0.2 and jl :— (/3i) _1 * ft(0) * /?2- Then we can formulate the 
question more precisely: Given closed paths A : I — » (ToA)* and fx ; I — > (T po D )*, 
which are homotopic modulo endpoints to the respective constant paths and given 
a homotopy H : / x I — » Zq such that H(-,s) is a path over A(s) based at j2(s), 
can we then find a homotopy H : I x I — * Zq between Ti.(-, 0) and H(-, 1) such that 
H(-, s) is a path over A(0) = A(l) based at jj(0) — ft(l) for all s € II 

We give a positive answer to this question by doing the following calculation 
locally around each double point of Zq. 

Let t be a coordinate on A such that Jj = A(0) = A(l). Write A(r) = Z(r) Jj. 
Choose around each double point pki local coordinates (x,y) in Z such that the 
function h in the coordinates (x, y) and t looks like: h(x, y) = x ■ y. For the double 
point po we may assume that y is the coordinate on Do and that -g- = (1(0) = A*(l)- 
Write /7(t) = m(r) ^. 

Let L : I x I — > (T A)* resp. M : J X 7 — * (T Po I?o)* be the homotopies modulo 
endpoints between A resp. ^2 and the constant path A(0) = A(l) resp. /I(0) = /I(l). 
Write L(r, s) = L(t, s) f t and M(r, s) = M(r, s) ^. 

By ct : R-° — > [0; 1] we denote a bump function which is = 1 near and = on 
R- r ° for a sufficiently small ro and strictly decreasing inbetween. 

For (t, s) E I X I where H(t, s) lies in an x-coordinate, we describe x o H by 
polar coordinates: x o W(r, s) = r(r, s) e 2 ^ % v{-r,s) _ 

Then modify the homotopy 7i to a homotopy 7i by setting: 

a; o H(t, s) := 1 x o H(r, s). 

l{a(r{T, a)) • s) 
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Figure 4. Illustration of a homotopy between a path A in T A 
and the constant path A(0) = A(l). 




Figure 5. Illustration of a homotopy H (over the path A) at a 
double point (other than p ) in the x-coordinate. 



eeeee 

Figure 6. Illustration of the homotopy Ti. at a double point (other 
than po) in the x-coordinate. 




Figure 7. Illustration of the homotopy between H(-,l) and 
H(-, 1) at a double point (other than po) in the x-coordinatc. 




Around the point po we define 7i by: 

„ x ,/ % mfaMr, s)) ■ s) 

x o h(t, s) : = ; ; // / x o W r, s . 

Note that H is a homotopy over A(0) = A(l) based at /Z(0) = /x(l). 
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It remains to show that there is a homotopy over A(0) = A(l) based at jl(0) = 

fl(l) between H(-, 1) and H(- 7 1). This homotopy is realized by the the following 
deformation of H(-, 1) in the neighbourhood of each double point: 

1 



(r,s) 



L(a(r(r,l)),s) 



xoH(t,1) 



respectively around p : 



, , M(a(r(T,l)),s) „„ ,. 
L(CT(r(r,l)),s) 



□ 



1.4.2. The Real Blow-up of the Fibration. In this part of the Appendix we will 
compare the local system of nearby fundamental groups with the local system of 
fundamental groups. The link between these two will be given by a local system, 
which we call the local system of the real blow-up and which wc arc going to construct 
in the sequel. 

o 

We want to define an extension of Z* to a topological space Z and a map 



o o 

h:Z- 



in such a way that the diagram 



commutes and that h'Z^A is a locally trivial topological fibration. 

Choose a coordinate t on A and choose local coordinates (x,y) : Wki = U kl x 
U kl — > C 2 around any double point pti € Z for [k < I] such that the function h in 
these coordinates looks like 

h(x, y) = x-y for all \x\ < 2, \y\ < 2. 

Consider the map 

x : x S 1 ) x (R^° x S 1 ) — > x S 1 ) 

{(R u e 2 ™<t>i) , (R 2 ,e 2 ^))< — > (R 1 R 2 ,e 2 ™(^+M) . 

Then define for any pair k, I with [k < I]: 

U kl := {(i?,e 27r ^) G x S 1 Re 2 ^ e &([/&)} 

and 

U kl := {(i?,e 2 ^) e x S^Re 2 ^ e y(£^)} . 

O o ^ 

There are the obvious maps Uki^ U kl and U l kl - 

o o 

We construct 2f as follows. Recall that there are obvious maps A^ A and 

o 

A* ^->A- Define first: 

Z := Zx A A • 
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In Z we have the subspaces 

W kl := W kl x A A= x U l H ) x A A 

x A . A*. 



U* k kl x U* l kl 



Now we use \\ 



\u k kl *u l kl 



and the identity map to define 



Wki-= ( Uti x Ufa 



x o A 

A 



Finally we construct Z by replacing Wki in Z by W k i, glued along the common 
subspace Wfa. The projection to the second factor in the above mentioned fibered 
products yields the well-defined map we are looking after: 



o o 

h-Z- 



>A • 



A. 



Note that the maps U k i^ Ufa and U k i^ w k i 
Remark: It seems that this construction was considered first by A'Campo in 



UL induce a map Z over A- 



A'C75|. There is a coordinate-free way to construct Z by using the theory of log- 
structures (cf. e. g. JKN95| ], p94| , ]Kat89| , |Stc95| ). We decided not to introduce 

o 

the language of log-structures here since we use the space Z just as a link between 
the two earlier defined local systems and because we need the coordin ates anyway. 
The following theorem is proved in greater generality by Usui | Usu96 ] . 



Theorem 1.6. h-Z- 



>A is a locally trivial topological fibration. 



This theorem and its proof can be found in in A'Campo A'C75| p. 241. For a 
direct proof in this special situation we refer to [Kae97|, Thm. 5.6, p. 81. 

Having this theorem at hand we can define a third local system of groups - this 

o . 

time on As xDfj. The purpose of this local system here is that it serves as link 
between the local system of nearby fundamental groups and the local system of 
fundamental groups on the fibration. This third local system will be refered to as 
the local system of the real blow-up. We denote it by: 



It is an extension of the local system of fundamental groups on the fibration on 

A| x Dq to As xZ?o and it is defined as follows: 

Observe that for p € Dq the section a p : As — > Z can be pulled back in a unique 



way to a section <r p :As~ >Z- To any ((p, 



p) £A«5 xflg we associate the group 

2ni6 



and to a homotopy class modulo endpoints represented by a path 

, 

r) = ax p : I — >As xDJ 
we associate similarly as before a group isomorphism 

( ° o \ ( ° o 

V* ■ ""I ( Z a ( ), °73(o) (a(0))J — ► TTi \ Z a {i), o-/3(i) («(!)) 
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Let 7 : I — >Z be an element of tti yZ a (v), ( a (0))J ancl let H : I X I — >H 

be a continuous map such that H(-,0) = 7 and for any s £ I is s) a path in 

° o 

Z a ( s ) based at Cf3( s ) (a(sj). Then define: 

V* (H) := [H(; 1)] G tti (z a( i), (a(l))) . 

The following proposition justifies this definition and moreover the definition of 
the local system of fundamental groups of the fibration. 

o - 

Proposition 1.7. Let r)i — on x fli : I — >As x Dq for i = 1, 2 be two paths, which 

o 

are homotopic modulo endpoints. Let moreover Hi : L x I ^Z for i = 1, 2 be two 

° o 

homotopies such that Hj(-,s) is a path in ZaAs) based at crpj^ (aj(s)) for any 
s G J. 7f -Hi (•,()) and /^("jO) represent the same homotopy class in 

""I (^04(0), ^(0) ("i(0))J 
wii/i i = 1 or 2, i/ien -£/i(-, 1) cmd i?2(", 1) represent the same homotopy class in 

urtf/j i = 1 or 2. 



Proof: Similar as in the proof of Proposition 1.4 the assertion may be reduced 
to: If A : / -^A<5 and /1 : / — > Dq are closed paths, which are homotopic modulo 

o 

endpoint to the respective constant paths and given a homotopy TL : I x L -^Z such 

o o 

that TL(-,s) is a path in Z\i s ) based at 0V a ) (A(s)) for any s £ L, then there is a 

o 

TL : I x L —*Z, a homotopy between TL(-, 0) and Ti(-, 1) such that s) is a path 

in Z\(o)=Z\(i) based at ct m ( 0) (A(0)) =<t„(i) (A(l)) for any s G /. 

x 00 

Observe first that there is a homotopy TL : L x L -^Zx(o)—Zx(i) between TL(-,0) 
and 1) lying completely in the one fiber over A(0) = A(l) but not necessarily 
leaving the base point o" p (o) (A(0)) =c M (i) (A(l)) fixed. This is true for the following 

o 

reason. Let L : L x L -^As be the homotopy between A and the constant path 

o 

A(0) = A(l). Then the pull-back bundle L* Z is globally trivial, i. e. there is a 
trivialization 

L* °Z (I x I) x Zx(o) 

\L*h y pr 2 

L x I 

o 

The homotopy TL can be considered as a map to L* Z (since TL(-, s) is a path in 

o o 

Zx(s) for s G I) and therefore to (I x L) x Zx(o) ■ The projection to the second factor 

o 

is a homotopy in Zx(o) between TL(-,0) and TL{-, 1). If the path, which is formed 
by the trace of the base point is zero-homotopic, then we may find a homotopy 
between TL(-, 0) and TL(-, 1) leaving the base point c^ro) (A(0)) =^(1) (^(1)) fixed. 

o 

Note that a path in (I x I) x Zx(o) is zer0 homotopic if and only if its projection 

o o 

to Zxio) is. The above mentioned trace of the base point is the projection to Zx(o) 



18 



RAINER H. KAENDERS 



of the path 

0(«(O,O) = («(!,-))• 

But this path is zero-homotopic if and only if H(0, •) = H(l, •) is. Note that 
7i(0,s) = TC(l,s) =<7^(s) (\(s)). Therefore, a homotopy to the constant path 
^(0) O(0)) =£ M (i) (A(l)) is given by: (s,r) i — ^m( s ,t) ( L ( s , r ))- □ 

Let us conclude this section by proving Theorem [1.5| , which asserts that any pair 
of orientation preserving homotopy equivalences 

(?o A)* — ► A^ and (T po A))* — ► #o 

induces an isomorphism of the local system of nearby fundamental groups on the 
product (TqA)* x (T Po Dq)* with the local system of fundamental groups on A| x Dq. 

r 1 ° 

Proof of Observe that A| CAs and call S :=As \A|. By definition of both 

local systems, the inclusion AJ x Dq CAa xDp induces an isomorphism of the local 
system of fundamental groups on the fibration with the local system of the real 
blow up. The latter local system is also equivalent to its restriction to S x by 

_ o 

the inclusion S x Dq CAa xDJj. We call this restriction to S x Dq the local system 
on the soul of the real blow-up. 

Hence, the assertion of the theorem is equivalent with: Any pair of orientation 
preserving homotopy equivalences 

a : (T A)* — > S and b : (T po D )* — ► D d 

induces an isomorphism of the local system of nearby fundamental groups to the 
local system on the soul of the real blow-up. 

We have to show that there is an isomorphism between the group associated to 
one pair of tangent vectors (vq, wq) € (TqA)* x (T Po D )* and the group associated 
to (a(vo), b(wo)) G S x Dq, which is equivariant with respect to the action of 
TTi ((T A)* x (T P0 D )* , (H , wq)) and the action of m (S x D 5 Q , (a(v ), b(w ))) . 

Let us first construct the isomorphism and show that it is equivariant. Associated 

o 

to each double point pki for [k < I] we have from the definition of Z coordinates 

(i?i,e 27ri< ^), (i? 2 ,e 27r#2 ) in Z and coordinates (p, e 27Tie ) on A such that in these 
coordinates 

h ((Rx,e 2ni ^) , (i? 2 ,e 2 ^ 2 )) = (i?ii? 2 ,e 2 ^ 1+ ^)) . 

o 

Here we may assume that a(vo) = (0, 1) € S and b(wo) = (1, 0) £D - 
We will define an isomorphism 

J : 7Tl (Zjf ,W ) — ► 7Tl (Z(0, i)>^(i,o) (0,1)) ■ 

Let [7] be a nearby homotopy class in tti (Z$ q ,wo) represented by the path 7 over 
vo based at wo- Note that any piecewise smooth path in C has a unique lifting with 
respect to the map 

C:= K-° xS 1 ^ C 

(r, e 27rilp ) h-> r-e 27r ^. 
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Therefore, there is a unique lifting of 7 6 Zq to a path 7 in Z- The condition that 

• o 

7 lies over vq implies that 7 is even in Z(o,i)- an d that it is connected. Define then 

o • o 

7:= (7*7*er -1 , where a is the straight path in Do defined by 1 i— > (t, e 2 ^ 10 ) = (1— i, 1), 
then we obtain a path in Z(o,i), which is based at 0Yi 0) (Oj 1) — (1j 0) S-Do- 

o 

The map 7 1— >7 induces a well-defined map from the group ni(Z$ ,wo) to 

o o 

7Ti(Z(o,i)) a (i,o) (0, 1)) , which is certainly a group homomorphism. Define J by 

o 

^7(7) :=7- It remains to show that J is an isomorphism. 

J is surjective: Call the sets {(0,e 2Tr ^), (0, e ~ 2lTltp ) \ip E [0; 1[} Cfti n Z(o,i) for 

o 

[k < I] vanishing cycles. We can give Z(o,x) a differentiable structure in such a way 
that it coincides with the already given differentiable structure off the vanishing 
cycles coming from Zq \ U[fc<;]{-Pfc(}- It is well-known that any element in the 
fundamental group of a smooth manifold (with boundary) can be represented by a 
smooth path (cf. e. g. |tD91|,II, 1.10). Moreover observe that by a local construction 
any such smooth path is nomotopic to a smooth path, which intersects the vanishing 
cycles transversally in a finite number of parameter values, the first and the last 
of which are the only intersections with the vanishing cycle corresponding to po. 

• _., 

Moreover, we may assume that 7 can be written as7=er*7*<7 for some closed 

path 7, which lies, apart from the base point, entirely in D + . 

o 

A path 7 in Z(o,i) with these properties, composed with the map Z(p,i)—* Zq 
(collapsing the vanishing cycles) yields a path 7 in D + C Zq. By reparametrizing 

the path 7 appropriately we may assume that it lies over vq and is based at wq. 

o 

And hence we find: 7=7. 

J is injective: Here we have to convince ourselves from the following fact. If we 

000 ° 
are given two nomotopic paths 7i and 72 in Zm,i) based at (1,0) G-Do, which are 

images under J of two paths 71 and 72 over vq based at wq, then these latter paths 

are homotopic over Vq based at wq. 

O OOO 

Let H : I x I — >Z(o,i) be a homotopy between the paths 7i and 72 in Z(o,i) 

° o 

based at (1,0) EDq. Using again the differentiable structure on Z(o,i) like above 
we may assume that H is smooth (cf. e. g. [tD91], II, 1.10) and that for each s E I 
the path H (•, s) intersects the the vanishing cycles transversally in a finite number 
of parameter values, the first and the last of which are the only intersections with 
the vanishing cycle corresponding to p$. Moreover, we may assume that H{-, s) can 
be written as H(-, s) = a -k-q s ★er~ 1 for some closed path n s , which lies, apart from 
the base point, entirely in D + . 

o 

Composed with Z(o,i)~* ^0 we obtain a homotopy between 71 and 72 over Vq 
based at wq. Finally, we study the monodromy actions. Let 

ff =3x0:1^ (T A)* x (T Po D )* 

be a path representing a morphism in the fundamental groupoid of (To A)* x 
(T po D )*. Then define n := (a o a) x (b o ftj : I — ► S x D s . And let 7 be a 
path over vq based at wq representing an element in 7Ti (Z^ ,Wo). It is to show: 



20 



RAINER H. KAENDERS 



Let H : I x / — > Zq be a homotopy with the property that i?(-,0) = 7 and 
H(-,s) is a path over a(s) based at f3(s) for every s E I. Like the construction 

of 7 from 7 on page [19 we construct a homotopy iJ: / x I —*Z from such that 

00 o O 

H (-,0) =7 and such that H (•, s) is a path Z a oS( s ) based at 6 o /?(s). This can be 
achieved by the definition: H (r, s) := (H(-,s)) (r). Now compute: 



□ 



J o if. ([7]) = J ([#(-, 1)]) = [# (•, 1)] and rj, o J ([7]) = rj, ([7]) = [ff (•, 1) 

2. Line Integrals on the Nearby Fundamental Group 
In Section [j] we defined the group 

7Tl (Zff, to) . 

Consider the group ring Tsk\ (Z$, w) and let or simply J be the augmenta- 
tion ideal. By definition, this is the set of elements in Z7Ti (Zff,w), whose sum of 
coefficients vanishes. Our aim is to put a Z-MHS on 



s+l 



"Liii (Zfi, to) j J 

for any s > 1. This will be done by putting a MHS on (J / J s+1 ). Note that multi- 
plication induces an isomorphism J s / J s+1 (J/ J 2 )® s (recall that: -k\ (Z$, w) = 
7Ti (Zt,p) for some t € A* and p£ Z t ). The short exact sequence 

(2.1) -> J s / J s+1 -> J/ J s+1 -» J/J s -> 

will be a short exact sequence of MHSs. 

The main ingredient for the definition of these MHSs is a differential graded 
algebra (dga) A', which is made up from differential forms on the central fiber 
but whose cohomology is isomorphic to the cohomology of a regular fiber. It was 
suggested to us by Hair^ to use a dga like A' and he proposed the problem of 
finding a way to integrate elements of this dga somehow on the central fiber. We 
will see that the notion of a path over v (based at w) will be the right notion of path 
for this purpose. We show that closed elements in A 1 can be integrated along paths 
in Zq over v in a natural way. This yields an integral structure on H 1 (A'), which 
is by this integration dual to J j J 2 . On A* we have filtrations W m and F* such 
that the induced filtrations together with the integral structure define a Z-MHS 
on H 1 (A'). It will turn out that the integral lattice of this Z-MHS depends on v 
(and not on w). The dependence upon v is such that {(Jy,w/ J^ q js)*}ve(T A)* is a 
nilpotent orbit of MHSs. 

Since A* has an algebra-structure, we can also define iterated line integrals 
along paths over v. We shall do this in section [| This will give a way to de- 
scri be (j/j s + 1 )* in te rms of the dga A* similar to Chen's 7ri-De Rham theorem 
(cf. |Chc75b| , |Chc77b| or jHai87c| ). Finally it will lead to the definition of a MHS 



on (J I J s+1 )* such that the short exact sequence (2.1) becomes a short exact se- 
quence of MHSs. 



The dga A' is in principle a modified version of the complex P£(X*)[0] of |fiai87b| for this 
special situation with non compact fibers. 
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2.1. A Differential Graded Algebra of Differential Forms on the Central 
Fiber. Let (A* , d) := (A"(^> ^)[log*], d) be the dga defined in the following way. 
Let A* (if ' y ) be the free graded-commutative C-algebra with unit, generated by 
the symbols in degree 1. 

Let then A* := A*(ir> ^)Pog*] be the algebra A*(lf> if); wher e the symbol^ 
logi or m has been added in degree 0. The differential d on A* is defined by the 
Leibniz-rule, d(^) = d(^) = and 

, . dx dy 
d (logt) := — + JL, 
x y 

Note that (A*, d) computes the cohomology of the fibers of the map A* x A* — * A* 
given by (x,y) i-> xy. 

For each component Di of D + let 

S'(AlogPi) := r logP,) ® n °( Di ) £°-'(D % )) 

be the logarithmic de Rham complex. Here £° '(D i ) denotes the sheaf of C°° -forms 
of type (0, •). Note that (E'(Di logPj), d) computes the cohomology of Di \ Pi. 

Finally let A"( p ) be the differential graded-commutative C-algebra with unit 
generated by the symbol ^ in degree 1, where the differential d is defined to 
be always the zero- map. computes the cohomology of C*. Now we 

consider r copies (AiC^f)' * = 0, ... ,r — 1 of f A"(^)) ^) an< ^ think of an 
element <?j in Ai(ir) = C as a function on the point pj, i. e. gi(pi) := <?i. We refer 
to the complex number p of an element € Al(~jr) as ^ e residue in pi of this 
element. Write Res Pi (p^) = p. 

The dga A', which we are going to define will be a sub-dga of 

B ' -= A"(-)® E-(D i logP i )®^E%A 1 )^ c A', 

0<i<r-l 1 i>r-l [k<l] 

where A 1 denotes the one-dimensional standard-simplex (the unit interval) and 
^'(A 1 ) = C[£] © C[£]g?£ the dga of real polynomial differential forms on A 1 . 

The elements of A* in B* will be called the compatible elements in B' . Hence, 
we will define A' now by defining, when an element of B' is compatible. Observe 
that B n = for n > 4. 

We shall use P k i, K ku L ku H ku R ku S ku T M and U kl to denote elements in 
C[£, u}. If the context is clear we omit the indices k, I. Moreover it will be useful to 
expand these elements of C[£, u] as polynomials in u with coefficients in C[£]. That 
means for instance 

dP 

Pkl = Pu(Z, u) = P = P + P lU + P 2 u 2 + --- + P m u m and P' = — . 

A : An element / = Ei> 9i + E [k< i] Pkl 6 B°, where 9i G A" (f ) for i < r - 1 
and gi <E E°(Di) for i > r — 1 is called compatible iff for [k < I] holds: 

P k i(Q,u) = g k (p k i) and P M (l,u) = gi[p k i)- 



We will use u for convenience or if confusion with the function 'log' might occur. 



22 



RAINER H. KAENDERS 



A 1 : We call an element in B 1 , 



y 



i>0 [k<l] 

where G A* (^7) for i < r — 1 and G E 1 (D i logPj) for i > r — 1, a compatible 
element iff for [k < I] holds: 

K k i(0,u)= Rcs Pkl uj k , L k i(0,u) = 0, 

K k i{l,u)= , L H {l,u) = Res Pkl w t . 

A 2 : Let us call an element 

4> = y + y f i? M a — + Ski de a — + r fcI — a — ) e p 2 , 

i>r-l [k<l] V y y 7 

with G E 2 (Di log Pi) for i > r — 1, compatible iff for [k < I] holds: 

T fcI (0,u)=T fcI (l,«) = 0. 

A 3 : Wc define A 3 := B 3 . That is, all elements of B 3 are compatible. 
Observe that holds dA 1 C A t+1 for i > and that A' is a dga. 

Definition 2.1. On A* we define an augmentation map a by: 
a: A -> C 

E*>oft + E[/c<i] p fci ^ 50- 

An alternative definition of A' can be given as follows. Consider the surjective 
map of complexes 

$:B'^0A , ffiA , I 

[k<l] 

which sends £\> 9i + J2[k<i] P kl e B ° to 

y {(P k i{0, u) - fffc(pjw)) © (flu(l.«) - 0j(ph))} 
[fe<i] 



and Ei>o w i + E[ fc <i] + eB 1 to 



E 

[k<l] 



Moreover, $ maps 



dx 



dy 



(K kl (0, u) - Res Pfei w fe ) h £ H (0, u) — 

dx dy 

K H {l,u) V (L k i(l,u) - Rcs Pkl uji) — 

x y 



E„ \ „ dx „ _ dw ^ dx dy , 

fii + > Pfcz d£ A — + Ski d£ A — + — A — G B 2 
x y x y 

i>r-l [k<l] y y 

to X) [fc<J] T kl (0,u)^ a ^ ©T H (l,u)^ A ^. ft is easy to check that $ is indeed a 
surjective map of complexes. We find: 

A' = kcr<i>. 

Define C* := E[fc<;] A* © A* an d n °tc that we have the short exact sequence 
— ► A' — >B' — ► C — ► 0, 
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which yields a long exact cohomology sequence (as H l (B°) = for i > 2) 

(2.2) -» H°(A') -»■ -»■ i?°(C") 

-> i/ 1 (A*) -> i? 1 ^*) -> iT^C") -> H 2 (A') -> 0. 

The complex (A*, d) computes the cohomology of the regular fiber as the fol- 
lowing theorem asserts. 



Theorem 2.2. H'(A') = H m (Z t ;C) for any t e A* 



The proof of this theorem can be found in the Appendix 2.5 



on page | 



2.2. Integration in the Nearby Fiber along Paths over a Tangent Vector. 

Here we are going to define integrals of a closed element 

<p = + ^ { Kkl ~ +Lkl ~f+ H kl<%) € A 1 



i>0 [k<l] 



along paths over v. We define those integrals in four steps by defining them first in 
special cases. 

(a) : Let 7 : [a; b] — > Zq be a path over v, which meets the set of double points 
only once with parameter value tq g]a;6[, where it changes from Dk to D;. 
Let (x,y) : Wki — UE, x Ul, — > C 2 and t : A — > C be coordinates such 
that h(x.y) = x ■ y and v = J|. Define 7 x (r) (resp. 7j/(t)) to be x(^(t)) 
(resp. 2/(7(1"))) for all r e [a; 6] with 7(7-) € J/jy (resp. 7(r) € fjy)- Then 
define: 

(b) : Let 7 : [a; 6] — > Zo be a path over v, which meets the set of double points 
only once with parameter value tq G]a; b[, where it stays in one component 
Dk- Then define: 



lim < J uj k + J ujk 

>0-« T>T + £ 

(c): Now let 7 : [a; b] — > Zo be a path over i? such that 7(a) and 7(6) are no 
double points. Then there is a finite number of parameter values ri, . . . , tjv 
with a < n < • • ■ < r^r < b, which are mapped onto double points. Choose a 
t* s]t,-; tj+i[ for i = 1, . .. , N — 1 and let Tq := a and rj^ := 6. Then define 
for i = I , . . . , N the paths 7$ := 7|j , »j an d we define: 

v 



(d): Finally let 7 : [a; 6] — > Zo be a path in over {; based at w. The coordinate 
p : Do — > C allows us to consider Dq as part of the complex plane. There, 
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in the complex plane, we have the differential form (and not the symbol) 
Let a be the straight path r n (1 - t) in C, then we define 



v 



J V- 

Theorem 2.3. For a path 7 : [a; b] — > Z over v based at w and a closed ip G A 1 
holds: 



(i) J ip is well-defined and finite, 

(ii) J ip does not depend on the choice of coordinates, 

(iii) J cp = 0, if ip is exact. 



Before proving 2.3 let us recall the following well-known lemma. 



Lemma 2.4. On a local coordinate (U, z) of Di around a double point p k i any 
closed lu G E 1 (Di\ogPi) can be written as u> = Res Pkl u> ■ — +tp, where ip is a 
smooth 1-form in _E 1 (L r ). 



Proof of Eja Let <p = E i>0 w * + Erfc<H K kl f+L kl ^+H kl dt To prove (i), we 



have to show that integrals of type (a) and (b) are well-defined, finite and do not 
depend on the choice of coordinates (note that (d) is similar to (b)). Assume that 
we are given coordinates x, y and t like in (a) and write 

dx dx 
uj k = Res Pkl uj k — + ipk and u>i = Res Pkl uji — + tpi. 

ad (a) That ip is closed implies K' = §§, V = §f and §§ = §§. Let H = 

H + H x u H h H m u m . Then iH, t = K[_™= L\_ x fori = 1, . ™ , to. Since K(0, u), 

K(l,u), L(0,u), L(l,u) are constants in C we have Ki(0) — = £j(0) = 

Li(l) — for i > 1. Moreover Res Pfci u;fc = — Res Pfci o;/ and because of H\= K' Q = L' 
we obtain / Hi(£)d£ = Res Pk[ uji. Therefore we derived: 
1 1 





Now we may compute as follows: recall 7(10) — p k i and choose Eq such that j([tq — 
s ;t + e ]) C W kt and 7 x ([to - s ;t ]) as well as 7 y ([T ;T + £0]) he within an 
open set of C, where the logarithm is univalent. Then we find, when we split up 
uj k = Res Pkl uj k & + ip k and uji = Res Pkl u>i + ipi : 

y : lim ( j w k +J H (£, log (j x (t - e)"ty(jQ +e)))d£,+Jwi 

7>r 0+e 



uj k + J tp k + Jun+ J + J Ho(Od4 
+ lim <j y Res Pfci + Res Pfc/ uji log (7 K (r - e)~/ y (T + e)) +Jrcs 



dy 
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And then remark that 



liu k\ /— - lo g(7x(T -e))+ f -— + log (73,(7-0 
J x J y 



V '> T + e 



_<i-0 + £ 



= - log (lx(To - e Q )) + log (73,(7-0 + £ )) • 

This shows that the integral in (a) is finite. 

Once we know that J ip converges, we may write J (p as 



1 

/ 



H a d£ + lim < 

£^0 



Jui k + Rcs Pkl ivi log (7 X (t - e)-f y (T +e))+Ju) t 



7>x +e 



= J H Q d£ + lim < J uj 

^<v<to-£ 



w fe + Res Pfc , ui log (e ) +J 

7- T ° _e 7>T + e 



+ Res Pfci w/ log 



7 k (to-£) 7v(to-£) 



Observe that 



and 



^{^).^i ! ) [ = _.,^ s r 



7x ° ' 7j/ >-r ^ — ( 7<roj7>T ) — 



Hence, the second summand vanishes, i. e. : 

J uj k + Res Pkl u;i log (e 2 ) +J , 



J (p = J H d£ + lim < 



7 



7>X +E 



This expression obviously does not depend upon the choice of the coordinates (x, y) 

and t. If ip = d(E,> '+ E [k<l] Pkl) = E,>o + E [fe<i] (f + f ) + ^ 
then 



/(^ = P W (1,«)-P W (0,«) 
+ 

= ffi(7(l)) -ffk(7(0)) 



lim{ 5fe (7(r - e)) - 5fe(7(0)) + 0(7(1)) - 0(7(^0 + e))} 



20 



RAINER H. KAENDERS 



ad (b) The definition does not depend on the choice of coordinates. We just have 
to show that the integral converges. 



uo k + i/Jk+ / + ip, 



ReSp. uj k lim 



£^0 



" E 








f dx 
— 4 


f dx 


J 


X 

— e 
- E 


J T 

<T +S0 

~>T +e 



And further 



lim 



dx 
x 



dx 
x 



< T + =0 



T —e '>T +e 



= log(7^(To + £o)) - log(7x(r - £o)) + lim (log^ro - e)) - log(7 x (r + e))) . 

e— >0 

Now is 

lim {log(7 2; (ro - e)) - \og(j x (r + e))} 

- j»„{ 1 -( 2 ^)-'-( 2 ^ 

= log(-7| T °)-log(7x>ro) 

= by the definition of a path over v. 
If ip. is exact, we have f^tp = 3/5(7(1)) - £fk(7(0)). 

Remark 2.5. We see from the proof of Theorem |2.3| that we have in the case of 
an integral of type (a) like on page [23| : 

J ' <p = J H d£, + lim j /wfc + Res Pfc! c^ log (e 2 ) -|-7wj 



□ 



7 



7>x + e 



= lim ^ I uJk- Res Pkl uj k log (7 x (t - e)) 



lim 

e— 



lui + Res Pkl lui log (7y(r + e)) 



H fcI (^o)de. 



Remark 2.6. Observe that if one considers in (a) the closed 

5 := K— + L— + H d£ <E ( N'{^, %og*] E'(A^ 
x y \> x x y 
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as element in 

/^(^^[log^logy^i^A 1 ) 

x y 

which is denned in the obvious way (for the precise definition see [4.1.1| ) , by setting 

dx dy 
d log x — — and d log y — — , 

x y 

then S is even exact. If P G C[£, log a;, logy] is such that dP = S, then 
/ ff(£,logt)d£ = P(l, log x, logy) - P(0,logx,logy). 

J[0;1] 

Next we state that ip does not depend on the choice of a path 7 within a 
homotopy class in 7Ti(Z#, w). 

Theorem 2.7. Let ip e A 1 be closed and let 70, 71 : / — ► Zq be two paths over v 
based at w, which are nearby homotopic. Then 



ip= ip. 
70 J 11 



We will p rove the corres pon ding theorem for iterated integrals in ge neral as Theo- 
rem f.!6[ The Theorem |2.7| above is then just a special case of 4.16 . 



Theorem 2.8. The integration of closed elements in A 1 along paths over v based 
at w defines an isomorphism 



H\A m ) Hom z 



Proof: Since we know that both C-vector spaces have the same dimension, it 
suffices to show that the integration map is injective. Note that 



Hom z ( J I J 2 ; c) Hom z (f; C\ ^ Hom z (tti(^, to) 
][k<i] K ki^f + L kiY 
<p = for any [7] G TTi(Zff, w) 



Assume ip = J2i>o ^ + 2ffe<«l K ki^ +^17+ H M d£, G A 1 is closed and that 



We claim that ip is exact. First, observe that all residues of ip are necessarily zero, as 
one sees by integration along a path over v based at w, which approaches a double 
point, turns once around this double point and returns as it came. Moreover all 
the u>i are exact since the expression gi(p) := $~<p for p G _Dj makes sense and 
dgi = u>i. Now define 

/ : =E-9«+E [ H(Z,u)<%eB° 
i>o [k<i] 

and note that it sati sfies the compatibility condition and that df = ip. □ 
The Theorem |2.8| allows us to define an integral lattice H 1 (A*)z within H 1 (A*) 
in the following way. 

Definition 2.9. Define to be the lattice of those cohomology classes 

which correspond to Hom z ( j/j 2 ; Z) via the integration map. H 1 (A')q is then 
defined as F^A^q := Hom z (j/j 2 ;Q) C H l {A'). 
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Remark: Note that in contrast to H 1 (A*) the lattice depends on the 

tangent vectors v and w. 

2.3. The Hodge- and Weight Filtration. Next we define a decreasing filtration 
F' and an increasing filtration W, on A' by defining such filtrations on B*. On 
A* we set 

™- : = e a b (|. f )0os*r 

n+m>p 

^ a *== e a b (|. v )(log<)m - 

n+2-m<l y 

In particular we have: logi G flF 1 . 

Then define on ^'(A 1 ) <g> A* the filtrations F* and W. by: 

F p (F*(A 1 ) <g> A') := F^A 1 ) <g> F P A* 

VKz (F^A 1 )® A' 3 ) := F^A 1 )® W i+a A^. 
On E'(Di log Pi) for i > we have the classical Hodge filtration: 

FPE'(DilogPi) := 0T (0"(AlogPi) ® n o (Z3i) £°'-"(A)) 

and the weight filtration W,. This filtration VF, is given by: 

Wi F p (AlogF) = E l (DilogPi)®E p - l (Di) with < I < p. 
Finally, define for * = 0, ... ,r - 1 on A'(f ) = A*(? ) = 

*A'(f)-©A"<f> 

1 n<l 1 

"A*(f)-©A"(f)- 

Putting all these filtrations together we obtain filtrations W, and F* on A*. In 
particular, W. and F* allow us to define filtrations on the cohomology groups in 
the following way. 

Definition 2.10. The weight filtration W, on H'(A') is defined by: 

W l+m H m (A') :=im{H m {WiA') H m (A')} . 

And define the Hodge filtration F' on H'(A') as: 

F p H m {A') := im{H m {F p A') -» F m (A*)} . 

On the Q- vector space iJ 1 (yl , )Q, the weight filtration W, on induces the 

filtration: 

WiH 1 (A')q := WiH\A*) n ^(A'Jq. 

Observe that Grf (^(A'Jq) = im {VK/F 1 ^*^ -» GV^F 1 ^*)}. 
We want to finish this subsection by proving the following theorem. 

Theorem 2.11. 

{Jm/JLY ■■= (H\A') Z , (i? 1 (A*)Q, W.), {H\A'),W.,F')) 

is a Z-MHS of possible weights 0, 1, and 2. 
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Remark 2.12. If one computes the weight spectral sequence (A*, W.) one finds 
infinitely many E\ -terms, which are nonzero, each of which is an infinite dimen- 
sional pure Hodge structure. Nevertheless, the spectral sequence degenerates at 



A- In the language of [Hai87a| the A-term is the image under a certain De 
Rham functor applied to the finite dimensional A -terms of the spectral sequences 
of ( £'(A to g Pi), W.) for i > r - 1, of (A* (f ), W.) for i < r - 1 and of (A*, W.) 
(cf. HHai87a| , the proof of (5.5.1)). 

However, if one just wants to prove that H 1 (A') is a MHS, the weight spectral 
sequence of (^4*, W») suggests a shortcut which avoids going all the way through 



the spectral sequences. This is how we will prove 2.11. 

Furthermore one could consider (A*, W,, F') as part of a mixed Hodge complex, 
which takes the integral structure (coming from integration along paths over v 
based at w) into account. We omit that construction, since we do not need it for 
our further investigations. 



Proof: Since the category of MHSs is abelian, we can prove Theorem 2.11 if wc 
show that W2H 1 (A*) = H 1 ^') and that there are exact sequences 

(i) -> GrfH^A') A H°( Pkl )(-l) 4 © fl*(A) - 0, 

[k<l] i>r-l 

(ii) -> Grf H\A') % © H l (DA 0, 

i>r — 1 

(iii) ©H°(A)^ H\ Pkl )^Gr^H\A')^Q, 

i>0 [k<l] 

where all the maps are defined over Q and are strict with respect to the respective 
Hodge nitrations. Gr^ H 1 (A*) is then a Hodge structure of weight I since all the 
other terms are Hodge structures of appropriate weights. 

Note that if we are given a [ip] = Ei>o w i + J2[k<i] K kl^f + Ai^ + H kl d£] £ 
H 1 (A') 1 then we can always write with complex numbers pu, cm G C 

M = E Wi + E ^i Pkl 9 + Ckld ^> 

i>0 [k<l] 

where 9 := (1 - - ^ - logt d£ £ W x \(E'(A 1 )^>A') 1 . 

This shows that W2H 1 (A*) = H l {A m ) and the following two equivalences: 

[tp] E WxH l {A') V[fc < I] : p u = and [ip] € W H\A m ) Vi > : co t = 0. 

ad (i): We identify H°(p kl )(-l) with C(-l) such that H°(p kl )(-l) z becomes 
C C and Gr\.C = C. Then define the map a by 



\ i>0 [k<l] ) [k<l] 



If Ej>o Ui + J2[k<i] 2~TriP kl ®] re P resen ts an element in iJ 1 (A*)z then it is mapped 
to H°(p k i)(— l)^ under a, since all the numbers pki have to be integers (they are 
the values of an integral along a path around a double point). 

Now define the map (3 in the following way. Given an element X)[fc<2] 2^rlP kl ^ 
®[k<i] H°(p k i)(-1), choose a X«>o ^ + E[fc<i] ^rPm 6 e A 1 such that for i > r-1 
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all the duji have no singularities^], i. e. duji S E 2 (Di). Then define: 



E h PH := E 

\[fc<Z] / i>r-l 



Note that a and /3 are well-defined and that they yield a short exact sequence (i), 

where all the maps are strict with respect to the filtrations F* . 

ad (ii): The isomorphism sends [£ i>0 ct>i] € WiiJ" 1 ^') toEi> r _iN] € if" 1 (A). 

All the remaining verifications are obvious. 

ad (iii): The maps 7 and 5 are defined in the following way: 

i>0 [fc<Z] 

Note that the kernel of 7 has dimension 1. Also this sequence is exact, defined over 
Q and respects the filtrations F*. This accomplishes the proof. □ 

Remark 2.13. Using the short exact sequences (i), (ii) and (iii) from the proof of 



2.11 we may derive that, if g(A) denotes the genus of A for i > r — 1: 



dime Gr™H\A') = (£i)-(£ 1), 

[k<l] i>r— 1 

dim c Gr^ff 1 ^') = £ 2 5 (A), 

i>r — 1 

dime Gr™H\A') = 1) - (£i) + i. 

[k<i] i>0 

2.4. The Variation of Mixed Hodge Structure is a Nilpotent Orbit. Now 

it is not difficult anymore to investigate the monodromy of the local system of 
nearby fundamental groups and to show that the variation of Hodge structure 

is a nilpotent orbit of Hodge structure. 

Remark 2.14. The term nilpotent orbit of mixed Hodge structure is a general- 
ization (for one variable) of the definition of a nilpotent orbit of MHS given in 
|Sch73[ and ]CK82[ (Definition 3.1); specifically, jCK8§: (3.1) (iv) is not satisfied 



A nilpotent orbit of MHS will be defined properly in Proposition & Definition |2.17 
First of all, we define a nilpotent chain morphism 

N:A'^A' 

by defining it in the following way on B*. Let N be the zero map on Q) i<r _ 1 /\*( )i 
© 4 >r-i E 'i D i log-Pi) and define it on ^'(A 1 ) ® A* as 

N : ^(A^OA* -> E*(A 1 )®A* 

2 I y d g = d,^ 



6 This is always possible. It can be done similarly to the following: define a bump-function 
b : C — » [0; 1] around 6 C such that b(z) = 1 in a small neighbourhood of £ C. Then b(z)p^- 
has residue p and d(b(z)p— ) £ £ 2 (C). 
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Note that N respects the compatibility relations and hence defines a chain map 
N : A' — > A*. Concerning the nitrations, N induces maps 

N : W l+1 A' -> W X - X A % and N : F P A* -> F^A*. 

In particular this chain map induces a map N : H 1 (A') — > H l {A') (note that 
we are committing 'abuse of notation' here). 

Proposition 2.15. The filtration W. on H 1 (A') and N : H 1 (A') -> H 1 (A') 

satisfy N 2 = and 

(i) W-iH^A') = 

(ii) W H\A') = im{N : H\A') -> ff 1 ^*)} 
(hi) Wi ff 1 ^') = kcr{7V : if 1 (A*) -» ^ 1 (^')} 
(iv) W 2 ff 1 ^*) = # 1 04*). 

Proof: First, recall that we can always write a [ip] G i/ 1 (^4*) as 

m = + X 2^ Pfe ' e + Cfe '^' 

i>0 [fe<i] 

where the w, are closed forms in E 1 (Di log P) , the cjm are complex numbers and 
6 := (1 - Oif - ^ - lo g <d £ G Wi(-E*® A*) 1 . This shows TV 2 = and 
W-iH x (A*) = as well as VK 2 H^A') = H x {A m ). 

ad(ii): Since the sum of the residues for any closed form Wj is zero, we have 
WoH\A')=\ 

{ [k<l] 

im7V = j E X - X 2^P« = ° f ° r alH • 

^ [fe<i] [»<«] [k<i] ) 

Obviously: im{iV : H 1 ^') -> i? 1 ^")} ^ ff 1 ^ 4 *)- Now lct E[fc<z] c fei<^] be 
in Wo H 1 (A') and lct m := J2[k<i] 1- Define complex numbers 

:= ^ IS cw ~ X ca 

\[k<i] [Ki] 

Note that J2i>o 9* = ^- ^ ^ s eas y *° cnec k that 

[^2 c ki d£_] = ( c kl - (gi - fffc))^] G imiV. 
[k<l] [k<l] 

ad(iii): Observe that on the one hand 
W 1 H 1 (A')=l 

[ i>0 [fc<Z] 

and on the other hand 

kerTV = \ + ir-.Pki e + c kid£\ [X W~P kt d 3 = \ • 

{ *>o [fc <i] Zm [k <i] Zm J 
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Hence, we have to show: [J2[k<l] ^nPkl d £] = e H 1 (A') =>■ all p k i = 0. 
For simplicity define Rki '■= ^jPki- Let gi S C be complex numbers such that 

d (E 1 >o^ + E[fc<i]{5/= + t{gi - Sfc)}) = E[fc<i] R ki d£, i e. (g ; -.g fe ) = Ru V[fc < Z]. 
We show that the real parts, ^t(Rki), of all Rki are zero and leave it to the reader 
to show that the imaginary parts are zero too. 

Let io be an index such that 5i(gi ) = max^ 5ft(.gi). As a consequence, all the real 
parts of residues at u>i Q , that is the numbers 3?(Res Pfci u>i ) for {fc, 1} 3 io and [k < I], 
are non negative (Res Pio! tu io = R k)l = g io - g t and Res PfciQ w io = -Ru = 9i ~ 9k)- 
Now the sum of the residues of the form oji has to be zero. This can only happen 
if for all the indices i with Di n Di ^ holds: gi — g^. Since the system od curves 
Di is connected, this shows 3?(gi) = 3i(5i ) for all i and hence R(-Rh) = for all 

[k < I}. □ 

Remark 2.16. Proposition [2.15| shows that W, is i/ie weight filtration of N relative 
to W, as defined in |5Z85| (2.5). The proof of Proposition 2.15 is trivial, when one 
uses Proposition (2.14) in [ |5Z85| ]. 

Let T € Aut (i/ 1 (^4*)) be the monodromy of the local system 

{(%/ j y z } Je(TnA) ,- 

Recall that by means of Theorem |l.5| the automorphism T can be identified with 
the monodromy of the local system {H x {Z t \ Z)} t £A* ■ 

A basic example of a variation of mixed Hodge structure is given by the following 
definition. For a complex number A € C* and a nilpotent vectorspace endomor- 
phism A define the endomorphism X A to be e log XA = 1 + log XA + | log 2 XA 2 H . 

Proposition & Definition 2.17. Let H be a Z-MHS and N : H -> iJ be a 

nilpotent endomorphism such that N(FPH) C F^i? and AT(Wj+i-H") c W t -iH. 
Then for any A e C*, the triple 

H x := (X- N H z ,(H q ,W.),(H c ,W..F*)) 

is a MHS and the family of MHSs {-Ha}agc* is called nilpotent orbit of mixed Hodge 
structure. □ 

In the next theorem we describe, how the lattice (Jv.w / J$ — H 1 (A')z C 
H 1 (A') moves, when we move v and w. 

Theorem 2.18. e~ 2m N =T and for X, p. G C ftoZrfs: 

Proof: Note that N 2 = implies A w = 1 + log AN. Let r/ — X x p : [0; 1] -> 
(C \ R^°) x (C \ R^°) be a path with r/(0) = (1, 1) and let H : [0; 1] x [0; 1] -> Z 
be a homotopy such that H(-,s) is a path over A(s)w based at p(s)w. Define 

IvAU ■= H(-,0). 

Using the definitions (a), (b), (c) and (d) on page |23|, it is easy to compute for 
a closed <p e A 1 : 

<p= f ^ + logA(s) [ N<p= f X(s) N <p. 

H(-,s) J "^^,w ^ 1v,w ^ *Yv,w 

Suppose f ^ is an integer, then J H ^ s ^ \(s)~ N ip is an integer too. □ 
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The following statement is a direct consequence of Theorem 2.15 and Theorem 



2.18 



Theorem 2.19. The family of mixed Hodge structures 
is a nilpotent orbit of mixed Hodge structure. 



□ 



Consider the graph T, whose vertices are the components Di, where two vertices 
Dfc and D\ are connected by an edge if and only if D k D Di ^ 0. Then we have the 



following corollary of Theorem 2.15 and Theorem 2.18 



Corollary 2.20. T is a tree if and only if T = id. 

Proof: By Theorem 2.15 and Theorem [2.18] T — id is equivalent to N = or 
kerN = WxH 1 {A 9 ) = W 2 H 1 (A') = H X {A'). We observed in Remark |1| that 
holds: 

dime Gr™H\A') = 1) - 1) + 1. 

[k<l] 



i>0 



Since T is connected, we have: T is a tree ^edges = # vertices — 1. 



□ 



2.5. Appendix. We still have to give the proof of Theorem 2.2 



Proof of 2.2: The only closed elements in A are the constant compatible func- 
tions. Therefore: H°(A') = H°(Z t ;C) C. 

o o o i -. 

We make use of the fact that the map h'-Z^A in 1.4.2] is a locally trivial fibration 
and prove: H'{A') = H'{°Z(o.i)\ C). 

o 

Recall that we can build up Z(o,i) in the following way. For each p k i with [k < I] 
we have the open disks Ufa C D k and Ufa C D\ around the double point pki ■ Now 
define 



Bt, 



Q k Q I 

U ki u U M 



where "~" denotes the equivalence relation: 

(i?i,e 27 " 01 ) ~ (i? 2 ,e 27rlfc ) :0 Ri = R 2 = and fa = -fa. 
Then Ufa*uUfa* can be considered as subspace ofBki and as subspace of \J i>0 D* - 

o 

LL>o D i \ p i- We construct the fiber Z(p,i) b y glueing ]J [k<l ] B a and JJ t > D* to- 
gether along the U^^uU^'s. Note that (U i>0 D*, \Ji k< i] Bki) is an excisive couple 

(cf. |5pa66 | p. 188) for the space Zm,i), which is to say that we may apply Mayer- 
Vietoris. Hence, there is an exact sequence 



(2.3) - ff°(l (0 ,i)) - H°(Dt) 8 H°(B kl ) -> H°(Ufa*) H°(U, 

i>0 [k<l] [k<l] 

- ^(1(0,1)) - ©^TO © H\B kl ) H\Ufa*) H^U, 

i>0 [k<l] [k<l] 



?kl 



0. 
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Now we compare the last terms in (2.3) with the last terms in (2.2). That is, we 
define isomorphisms (p, tjj such that 

H^B') ^ H l {C) -^H 2 (A')^0 

- if - lV> 1 

qh^d*)® © HHB kl )^ © H\u k k ;)®H\u k k ;)^ o 

i>0 [k<l] [k<l] 

commutes. It is then a consequence of the 5-lemma that H 2 {A') = 0. 

Denote by {^r} (resp. { — }) the cohomology class in H^^Bki), which has value 
2m on the positive generator of H\ (U kl *) (resp. Hi(U l kl *)) in H 1 (B k i). Then {^} = 
— We define an isomorphism 



H 1 (B') ®H\D*)® ® H^Bu) 

i>0 [k<l] 

[£<^+ E + if + ^]^EN+ E + 

i>0 [fc<Z] i>0 [k<l] 

(Note that for closed E l>0 w * + J2[k<i] K 1T + L lf + thc P ol ynomial K(£, u) - 
L(£, u) is constant, i. e. u) - L(£, u) = K(0, 0) - L(0, 0) = K(l, 0) - L(l, 0). 
Therefore, + L{^f} = (K - L){^} makes sense.) 

Define moreover the isomorphism 

4>- HHc-) - © h\u£C)®h\u*C) 

[k<l] 

E Kf + hf) + (aif + ) » E (o* - } + (6i - } 
[A<2] [fc<z] 

and note that the above diagram commutes. 

Finally, if we use the fact that thc Eulcr characteristics in ([2.2|) on page |23| and 



(2.2) on page B3| are zero, we find: 



dime H\A m ) = dime H\Z(o,i)) = 1 + ( dim c Hl ( D t) ~ l ) 



i>0 

l + ^(dim c i? 1 (A)-2)+ ^ 2. □ 

j>o [fe<;] 



3. Iterated Integrals on the Nearby Fundamental Group 

Let I = E|j|< s a J fh ® ' ' ' ® fir ^ ©r=i ® r A 1 . As a generalization of the 
notion of closedness of an element in A 1 the notion of Chen-closedness for an element 
I like above will be given. Under the assumption that such an / is Chen-closed we 
will define an iterated integral of I along a path 7 over v (based at w ). 

First, for a sufficiently small e > and arbitrary ipi ® • • • ® ip r £ (g) r A 1 , we 
define what we call the e-iterated integral of tpx (S> • • • <8> <p r along a path 7 over v 
(based at w) and will denote it by: 

fx ■■■fr- 

This definition depends on the choice of coordinates around the double points (and 
on e). Moreover, in general the expression diverges when passing e — > 0. But we 
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can prove that for a Chen-closed element I and for a path 7 over v based at w the 
limit 



lim a I = lim > a.r el ipj. 



■ ■ ■ Vjr 



\J\<s 7 

exists and neither depends on the choice of coordinates around the double points 
nor on the choice of 7 within a nearby homotopy class. This will be done in Section 
[|. The main tool for the proofs is a dga A* kl , which we consider to be A* localized 
in a sector at a double point pki ■ 

These iterated integrals along paths over v based at w will give a way to describe 
Homz( J/.J S+1 , C) in terms of the dga A', similar to Chen's 7ri-De Rham theorem 
(cf. (4.4) in pai87d] ). Finally, this leads to the definition of a MHS on (j/j s+1 )* 
such that the short exact sequence dual to (2.1) becomes a short exact sequence of 
MHSs. For instance the reference [Hai87c| contains the necessary background on 
iterated (line) integrals on manifolds. 

3.1. Review on Differential Graded Algebras. Here we are going to introduce 
a little of Chen's Reduced Bar Construction; only so much as we will need in the 
sequel. For a broader introduction to this subject we refer to Che 76 or to [Hai87a|. 

Let A* be a connected dga over K = M or C with augmentation map e : A' — > IK 
and let 1Z(A' ,e) be the sub- vector space of 



r=0 
= 1, 



, r, which are defined for / G A and 

• • <8> <p r , 



generated by elements Ri(u,f), i 
u = tpi (g) • • • ®ip r E ® r A' by: 

(3.1) R-l(u, f) :=df <g> tp 2 <g> •• • <g> tp r - (/ - e(/))y> 2 ® 
Ri(u, f) :=tpi <g> • • • (E) tpi-i ®df <g> ip i+ i <g> • • • ® (p r 

+lfl ® • • • ® /Vi-1 <8> </?i+l ® • • • <8> <£r 

(3.2) — y>i ® • • • ® <y9j_i ® ,/Vi+i <8> • • • ® </? r for 1 < i < r, 

(3.3) R r (u, f) :=<p x ® ■ ■ ■ <g> <^ r _i ® 4f + pi <g> • • • <g> (/ - e(/))v? r _i. 

We define two mapsQ the internal and the combinatorial differential, 

00 00 

dz, rfc:0(g) r ^^0(g)> 
by giving their values on elements of the form ipi 



s-1 



•®y s and extending K-linearly: 



i=l 



Here the maps dj and dc shift the degrees in the following way: 



A 1 — ((g)' r [^ 1 ®^ 2 ] 



r+l 



7 Define 0°TtobeK and d c : .A 1 



d c :§§ A 1 - 

to be the zero map. 
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Define 

n s M',e) := (0^(g) r ^) n W,£) 
and note that (dj + dcX^K-A*, e)) C 7£ s (.A*,e). 
Definition 3.1. The sum (dj + c?c) induces a map 

dche n :0®V/ft?(./r,e)^ (0(g)V) /n(A',e), 

r=0 ' \r=0 / ' 

the Chen differential and its kernel consists of what is called Chen-closed elements. 
We call an element / e ©^o ffi-^ 1 Chen-closed if dchcn{[I}) = 0. For each s the 
kernel of dchen gets a name 

V ' ' 1 fci(-A*,e) ft(.4*,e) J 

Let H°B S (A* , e) consist of those elements in 7^°i? s (-4* , e) with zero constant term, 
i. e. define H°B s (A*,e) := H°B s (A',e)\ I G 0^ = i® r ^ 1 }- An element 

of H°B s (A',e) respectively H°B S (A' , e) represented by J2j a J fh ® ' ' ' ® VjV i s 
classically written as 

J 

Observe that we have inclusions for all s > 1 

ff°B s (^e)ctf B s+1 („4',e) and ff ^^', e) C H°B S+1 (A', e). 

Remark 3.2. In the general version of the 'Reduced Bar Construction' (cf. Che76| 
or [Hai87a ) the vectorspaces H°B s (A m , e) and H°B s (A*,e) appear as first coho- 
mology groups of certain complexes, whence the notation. 

The following four Lemmas will turn out to be useful later in Section [|. Let A' 
be a connected sub-dga of A' such that A p — A p for p > 1 and 

(3.4) A x =dA°®A 1 . 

The pro of of th e following two lemmas is similar to the proof of the Theorem on 
p. 23 in [|Che76 |. 

Lemma 3.3. Suppose I € 0^=0 &) r A l . Then there is an R € lZ{(A°,e) and an 
I £ 0* =o <S> r A x such that I = I + R and 



l Chen 



I]=0 [di + dc){I) = 0. 



Proof: By finite induction on s we prove that for every s between s and there is 
an I s e 0r =o (8> r -4 1 and an R s e n{{A\e) as well as an I- s e 0" =o (8> r ^ 1 such 
that / = I s + I s + R s . First, for s = s let I s = I and I s = Rg = 0. 
s < s: Assume now that there is an I s+1 6 0,^=0 ffiA 1 and an Rg + i £ lZf(A',e) 
as well as an Ig +X £ ®* =0 ® r A 1 such that 

I = I s+x +f s+1 +R~ 8+x . 
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Write I s+1 = J2\.j\<s+i a J ® ' ' * ® Vjr an d ^ Vj„ = + dfj v be the decom- 
position according to J3.4| ). Then observe that 



|J|<S + 1 

+ (^jj (g) rf/j 2 ® • • • ® - i£ 2 (<Pji ® Vj 3 ® • • • (8 <pj r ; /j 2 ) 

+ (fji ® • • • <8> Lf> Jr _ 1 df jr - Rr(<pj t <8> • • • ® <£/ r -i ; /j r )} 

and Jg := £ a J ® " ' ' ® V?jr as wen as 
|J|<s+l 

i?s := £ a j { i?i (<^ 2 <8> • • • ® <pj r ; ) 
| J|<S+1 

+ iJr-C^ ®---o^ r -i;/jv)} 

satisfy the induction hypothesis for s. This completes the induction. Finally let 
/ := J and note that d C hon ( [/ ] ) = (dj + d c ) (l ) = 0. □ 

Lemma 3.4. Suppose I € ©r=o® r -^ 1 * s Chen-closed. Then we can write 

/ = H| J | =r < s a > 7 ^ "- ^' 

where for any J with \ J\ = s and a,j ^ either all ipj x , . . . , tpj a are closed or at 
least one of them is exact. 



Proof: Let I 6 ©! = n &) r A 1 be Chen-closed. By Lemma 3.3 we may assume 
without loss of generality that I £ 0* =o ® r ^ an< ^ i^i + dc)I = 0. Write I = 
J2j a 'j tfi'j! ® ' " " ® Vi r an( i consider the part of /, which is contained in the s-th 
tensor power of .A 1 , say T s :— Yl\j\= s a 'j f'ji ® * " ® V 3 ^,.; as element of [0 S *4*] S . 
The condition (rfc + ^/XEj a '/ 'X 1 ' 1 '^^J = ^ implies that T s is a cocycle with 



respect to the differential of ((£) & A m . d). The Kiinneth formula (| Spa66 ], p. 228 and 



p. 247, Theorem 11) yields the short exact sequence (i. e. the isomorphism) 







H'{A') 



H s 60 A' I — * 



This is the reason why we can write T s as Ei ji— 8 a J fjt ® ■ ■ • ® Vjr i where for each 
J with | J| = s either all forms ipj 1 , . . . , </5j s are closed or at least one of them is 
exact. □ 
Suppose that H 2 {A') = 0. Given closed elements <pi,... ,<p s £ A 1 , the next 
proposition shows us, how we can find Chen-closed elements in @^L ® r A 1 whose 
part in (£) S A 1 is the tensor product ipi ® • • • ® (f s . 

Lemma 3.5. Suppose H 2 (A*) = and assume ipi,... ,cp s are closed elements 
in A . Then there exist elements <Pi lt .. i v € A 1 with v > 1 such that for all 
V > 1 fj. e. f/ie forms ipi, . . . ,(p s included) and for any multi-index (ix, . . . ,i u ) € 
{1,... ^j" ZioZrfs; 

d(p iu ...,i u + ^2<Pi lt ...,i h h <Pi k+u ... ,i v =0. 
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The following elements in © r=1 &) r A 1 are closed under (di + dc)-' 

V 

r—1 0<ai<--'<Q r -i<[' 

Proof: The proof of the existence of <pi lt ,,, ,<„ € A 1 with v > 1 goes by induction 
on za The computations are straightforward. □ 

3.2. Definition of Iterated Integrals on the Nearby Fundamental Group. 

Let us begin with the definition of an e-iterated integral of a ipi <£> • • • <£> ip r E (££) r A 1 
along a path over v (based at w) . Each of the <p v € A 1 can be written as 

i>0 [fc<Z] ^ 

Choose around every double point p^/ coordinates (x, y) : Wki — x L/jy — * C 2 
and a coordinate t : A — ► C such that /ii (x,y) — x ■ y and v = For the 

double point po € -Do we require moreover that the coordinate x (which we also 
called p) satisfies = = w. Always, when we talk about £-iterated integrals in 
this section, we will refer to this coordinate system. 

As for the definition of line integrals in |2.2| we give the definition of iterated 
integrals in several steps. 

(a) : Let 7 : [a; b] — > Zo be a path over v, which meets the set of double points 
only once with parameter value to &]a;b[, where it changes from Dk to Di. 
Define 7x(t) (resp. J v (t)) to be x(j(t)) (resp. 2/(7(1"))) for all t € [a; b] with 
7(7") € UK (resp. 7(7-) € C^L)- To shorten the following formulas we abbreviate 
for e > small enough: 

»?M := fl#> & log (l4ro ~ e) ■ ly (r + e)) ) d£. 
Then define f\ 

vl ... Vr -.= J «£° • • • • • • ^/ -r i] • • • -, w 

7 0<a</3<r 7 < TQ _ e [0;1] 

(b) : Let 7 : [a; b] — ► Zo be a path over which meets the set of double points 
only once with parameter value tq s]a; b[, where it stays in one component 
Dk- Then define: 

7 T <*0- 7>x 0+£ 

(c) : Now let 7 : [a; 6] — * Z be a path over v such that 7(a) and 7(6) are no 
double points. Then there is a finite number of parameter values ti , . . . ,tn 
with a < T\ < ■ ■ ■ < tn < b, which are mapped onto double points. Choose a 
t* g]t,; Tj+i[ for i — 1, . . . , N — 1 and let Tq := o and := 6. Then define 



'Here and also later we make the convention that all the expressions with an integral sign, 

i[0;l 



where from the upper indices the right one is smaller than the left one, like L.j, r^ 5 ' ■ • ■ r;^ 4 ' , take 



the value 1. 
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for i = 1, . . . , N the paths 7, := 71 t t with which we define ip± • • • cp r 

I i T i— 1 ,T i J ^ 

as 



0<ai<-<a w _i<r ^ 72 7JV 



(d): Finally, let 7 : [a; 6] — * Zq be a path in over {/based at w. The coordinate 
p : Z?o ~~ * C allows us to consider Do as part of the complex plane. There, 
in the complex plane, we have the differential form (and not the symbol) 
Let like before a be the straight path r 1— > (1 — r) in C, then we define 



J cpi ■ ■ ■ ip r := j/" 



¥>1 • • • ¥>r- 

We leave it to the reader to prove the following proposition. It is a consequence 



of the corresponding formula for iterated integrals on manifolds (see [Hai87c|, 
Prop. 2.9). 

Proposition 3.6. The definition (c) does not depend on the choice of the r*. Let 

p, q, r 6 -^o\U[fc<2]{-Pfc(} an d let a, (3 : [0; 1] — * Zq be paths overv, where a(0) = p. 
a(l) = /3(0) = q and j3(l) = r. Then for forms ip%, . . . , tp r € A 1 and e > small 
enough holds: 

<Pi-"<Pr= 7 f 1 ' ' ' 7 ^ m+1 " ' ^ r 



a*/3 0<m<r Q 



□ 



This behaviour of iterated integrals under composition of paths will lead to the 
definition of T in Section [|, motivated by Chen's theory of formal connections. The 
main result of Section will be the proof the following theorem. 



Theorem Let I = J2\j\< s a J Vji ® " * ® V> € ©*=i ®^ ^ ^ e a Chen-closed 
element and let 7 : [a; 6] ^ Zq be a path over v based at w. Then 

1 

7 J 



converges ((.IS) and does not depend on the choice of coordinates (4-14)- Moreover 
it does not depend upon the choice of 7 within a nearby homotopy class of paths 
over v based at w ( 4-l(\ ), i- e. we have a nearby homotopy functional: 



J J 

Finally, this homotopy functional is zero if I G 7?.f {A* , a) 



Theorem 4.1 assures that the following definition of iterated integrals of Chen- 



closed elements along paths over v makes sense. 
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Definition 3.7. Let / = Y^,\j\< s a J Vji®" ' '^Vjr e ©r=i ® T ^ ^ e a Chen-closed 
element. Then the iterated integral of I along a path 7 over v based at w is defined 
by: 



lim < e/ > i 



E flJ ip h ■ ■ -ip jr : lmi^,y y ^ r -„ • • • r ^ /; 



7 

3.3. The 7Ti-De Rham Theorem for the Nearby Fundamental Group. De- 
note by P{Z$, w) the set of all paths over v based at w. Note that we can consider 
an e-iterated integral not just as a function on P(Z$, w) but also on CP(Z$, w), the 
free abelian group generated by the elements of P(Z$,w), by extending it linearly. 
Note that elements in P(Z$, w) can be composed and this operation extends to 
CP(Zt,w). 

Also the following propositi on corre sponds to a rule for iterated integrals on 
manifolds (see (2.10), (2.13) in |ftai87cfl ). 

Proposition 3.8. Let a.\, . . . ,a s be paths over v based at w and let tp±, . . . ,ip r € 
A 1 with s > r. Then 

\ W(e), ifr<s. 

( ai -l)..-(o»-l) 

where V(e), W(e) are functions 7, W : M >0 — ► C converging to for e — ► 0. 

Proof: We write A(e) = B(e) if A(e) - B(e) = 7(e) for a function 7(e) with 
lim £ ^o 7(e) = 0. One can prove (and this is easy) the following formula by induc- 
tion on k: 



ej tpi-"tp T 

(ai-l)---(a h -l)a k+1 ---a s 



E 



k<N<s 

0<u 1< - < ^ h <u k+1 <-<u N _- L <u N ^r Q l "2 a N 

For k > r, the sum is zero and for k = r = s the sum is: ^ tp± ■ ■ ■ E$ a tp s . □ 
Recall that we defined an augmentation a : A' — » C (see |2.l| ). Therefore Def- 
inition 3.1 makes sense for the pair (A*, a), whence we have the complex vector 
spaces 

H°B s (A',a) C H°B s {A',a). 



Note in particular: H°B 1 (A' 7 a) =H 1 {A'). Theorem p~l| and Proposition p78| yield 
a well-defined integration map 

J : H°B s (A',a) — ► Hom z (Z 7 r 1 (Z ff , w)/ J s+1 ; C). 

The analogue for the nearby fundamental group of Chen's 7Ti-De Rham Theorem 
states that this map is an isomorphism. 

Also the group ring Ztti^Z^, w) comes with an augmentation map Z7ri(Z^, w) — > 
Z. This augmentation has a natural section a : n 1— > nl which makes the short 
exact sequence 

-> j/./ s+1 -> Ztti(^, uT)/j s+1 Z -> 
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split. This splitting gives a natural isomorphism 

Hom z (Ztt!^, w) / J s+1 ; Z) ^ Hom z ( J/ J s+1 ; z) Z 
Via the integration map this decomposition corresponds with 

H°B S (A' , a) = H°B S (A*, a) 8 C. 
Therefore it suffices to consider Homz(j/</ s+1 , Z) in order to describe the dual of 

Theorem 3.9. Integration of Chen-closed elements in ©*=i &) r A 1 along paths 
over v based at w defines an isomorphism of complex vector spaces 

H°B s (A',a) ^ Hom z (Ztv^Z^, w)/I s+1 ; c) . 
Proof: Wc first indicate that for each s > 1 there is a short exact sequence 

s 

-> ff°5 s _i(A*,<z) -> ff°B s (A",a) -» (g)^ 1 ^ 1 ) -» 0. 
In particular, the map 

H°S s (A*,a) s i? 1 (A 1 ) 

is well-defined and is surjective by Proposition [T^. Its kernel is H°B s _i(A' , a) by 
Lemma 3.4. Then by Proposition 3.8 we have the commutative diagram]^] 



-> H°B.- 1 (A m ,a) -> H°B s {A\a) -» ® s if 1 (A 1 ) -» 

o -> (j/j s )* -> (j/j s+1 y -» (8> s (j/j 2 )* -» o 

The theorem can now be proved by induction on s and the use of the 5-lemma. 



The beginning of the induction is given by Theorem 2.S. □ 



Warning 3.10. Assume that we are given two closed 1-forms <p, ip € A 1 , 

v = X] + X! cwd £ and ^ = w < + X! c «^' 

i>0 [fc<q i>0 [k<2] 

where all ajj G E 1 (Di). Then ip A ip = and hence is J (pip a nearby homotopy 
functional. Define ipo = Ei>o + E[/c<i] c fcz°^- When we multiply ip and ip (compo- 
nentwise), we get the same as if we multiply tp and ipo. But nonetheless, in general 
holds: J pijj ^ J tpipo = 0. In general, there exists such ip and ip for which there is 
a closed path a in one of the ZVs such that J u>i ^ and a path u over v starting 
at w and ending at a(0) = a(l) such that J tp ^ 0. Then 



ipip= I tp ip- I ip I tp+ I ipnp 

ip Ip 



u J a 



9 The map (J s /J s+1 )* — » (^) s (J / J^ 2 )* , which is given by the ring structure on Ziri (Zg, w), is 
surjective since we have the isomorphism tt\(Z^,w) = iri(Zt, cr p (t)) for some £ g A* and p S -DJ. 
In 7ri(X t ,o- p (t)) it is true that (J s /j s+1 )* -» (g) 3 (J/J 2 )* is surjective. 
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3.4. The Mixed Hodge Structure on J I J s+1 . After having developed this 
theory of iterated integrals along paths over v, we are ready now to define a mixed 
Hodge Structure on J / J s+1 . With all what we know about iterated integrals along 
paths over v yet, this is just an application of standard techniques in mixed Hodge 
theory. 



3.4.1. The Hodge and the Weight Filtration. Let us use Theorem 3.9 to define a 
weight - and a Hodge filtration on (j/j s+1 )*. 

On ©* =1 ffi A 1 the weight filtration W, is defined by 

w i (0<8)' Al ) : =0 W h A 1 ®---®W lr A 1 

\r=l J r=l ZiH H r +r<l 

and the Hodge filtration F* by 

FP l®®^ 1 ] : =0 F Pl A 1 ® • • ■ ® F Pr A 1 . 

\r=l / r=l piH hPr>P 

These filtrations W, and F* on ® r A 1 induce filtrations W. and F* on the 

subspace ker(d/ + d c ) and on H°B s (A',a) C 77°7? S (A*, a) by: 

Wi77 B s (A*,a) :=im{Wjker(di + do) -> i7°F s (A', a)} 
F p H°B s (A*,a) := im {F p ker(d/ + d c ) -> 77°73 S (A', a)} . 

Proposition 3.11. The short exact sequences (with s>2) 

s 

-> flO^CA-.o) A H°B s {A',a) -£> (g)^ 1 ^ 1 ) 
are strict with respect to W, and F* . 

Proof: It is easy to see that pr is strict. We shall prove that i is strict with respect 
to both filtrations. 

Hodge filtration: Let/ = £j a J [<Ph I * " " ^ F p H° B S {A' , a)^H° B S ^{A' , a) . 
Then there is a Chen-closed 7 = 2| j|< s a J¥ 5 ii ® ' " " ® ^jr G ^ p ®r=i ® r ^ sucn 
that f 7 — J I- Since J G i7°7? s _i(A', a) we may assume by Lemma |3~4| , Theo- 
rem [hl| and Proposition |3.8| that for J with | J| = s all the ifj 1 , . . . , ^ are exact: 
(^j m = dfj m and fj m (poi) = 0. We have by definition: ^ eg) ••• ® </5j s € F^M 1 
3(pi, ... , p s ) G If with pa H Yp s >p:y h e F p \ . . . ,<pj a G F Ps . Now there 

is either one p m > 1 (which implies ipj m — as A — > A 1 is strict with respect to 
F', i. e. dA° n i^A 1 = 0) or p x = • • • = p s = 0. Then 

if h - a (fn)) ® % »■■•«> Vj. e F^(g) S A 1 . 

Therefore, there is a Chen-closed I E F p ®*I* (gl'A 1 such that / J = / 7. 
Weight filtration: Let I G WiH°B s (A',a) n 77°75 S _ 1 (A*, a). Then there is a 
Chen-closed I = J2\.j\< s a Jfji ® • • • <8> y> G W; ©* =1 ® r A 1 such that J I = J I. 
Bec ause of 7 G H° 7? s _i (A* , a) we may again assume by Lemma |3.4| , Theorem 
4.1 and Proposition |3.8| that for J with \J\ = s all the ipj lt ... ,ipj B are exact: 

Vjm = dfjm and fjmiPoi) = 0. 

Note that if df E WgA 1 then / G Wt+\A Q . This can be seen as follows. Write 
/ = E*>o 9i + E [k <i] Po + Pm + --- P m u m . Now / g W e+1 «■ 2m < £ + 1 and 
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df G Wt 2m — 1 < L We have by definition: (p n ® ■ ■■ ® tpj a G Wi&A 1 
3(Zi, ...,l s )eZ s with i t + • •• + Z s + s < I : tp h G . . . , tp jm eWi.. Then 



s-l 



(/ji - a(/iJ) ® Vis ® • • • ® Vi, e WJ(g) A 1 . 

Hence, there is a Chen-closed 7 G W 7 ; 0^=! r -4 1 such that J I = J I. □ 
The main theorem of this section is the following. 

Theorem 3.12. For any s > 1 is 

(J/J S+1 T ■■= ((f/J s+1 )h ((j/J s+ %,w.)((j/j s+1 y c ,w.,F-)) 

a mixed Hodge structure and the short exact sequence 

(3.5) o {j/jy -> [j/j s+1 y -> f^T 8 -» o 

?s a s/iort erraci sequence of MHSs. 

Proof: Using Proposition 3.11 and 1.16 in [GS75|, the proof of the theorem can 
be done by induction on s. □ 



3.5. The Monodromy on j/j s+1 . Recall that we defined in 2A the nilpotent 
chain- morphism 

N : A* —> A* 

with the properties N(Wi +1 A') C Wj-iA* and N(F P A') C F^A*. 
Now we define a second nilpotent chain-morphism: 

M : A' -> A* 

by defining it first on _B* in the following way: Let M be the zero map on 
A-(-)® ^(AlogPO® ^'(A 1 ) ® A*. 

»<r-l * ^ i>r— 1 [Q<k<l] 

Only on the one component £"(A 1 ) (g A* for (fc, Z) = (0, 1) it is, like iV, defined by 
M : PfA^A' -> ^(A^A* 



1—1 d(—u) l— ' d-u 1—1 

Also M satisfies M(Wi+iA') C Wi-\A % and M(FM # ) c F^ 1 ^*. 

Remark 3.13. Note that for a Q(u) G £"(A 1 ) <g A*(lf> y)M and for a A G C* 
always holds: 

X N Q(u) = Q(u + log A). 
Similar for M. Moreover, N and M define linear maps 

s r s r 

(3.6) N, M:0(g)A«^0(g)A', 

r— 1 r— 1 

which are defined on a generator (pj 1 <g • • • (g ^>j r by the Leibniz rule: 

r 

AT (g) • • • (g <pj r ) = yjjj (g • • • (g A^i,, (g • • • (g ipj r resp. 

r 

m (ipj x ® • • • (g ) = ® • • • ® (g • • • (g 9? Jr , . 
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The proof of the following proposition is a standard computation: 
Proposition 3.14. For A G C* and ipj 1 ® • • • (g> ipj r 6 &) r A' holds: 

X N {(p h <g> • •• <g> <fi jr ) = (A-^^jJ <g> • •• <g> {\ N <Pj r ) and 
X M (<p h ® • • • (8 ¥> jV ) = (A M ^J • • • (A*V 3 V). 

□ 



Both, iV and M in (p| induce maps TV, M : H°B s (A',a) -► H°B s (A',a). The 
complex vector space H {) B S (A' ,a) does neither depend on u nor on w. Therefore, 
we can study, how the lattice 

behaves, when we move v G (To^)* an d $ €E (TL .Do)*- Let T and S be the 
monodromies of the local systems 

IV ' v < w /zJff £ (T D A)* ' 10 /zJ toe(T P0 D )* 

respectively. The main result of this subsection is the following theorem. 
Theorem 3.15. e - 2mN = T and e 2mM = S. For A, p, € C* holds: 



The proof of this theorem is given in 4.4. As a consequence of Theorem 3.15 we 
obtain the following. 

Theorem 3.16. For any s > 1 f/ie family of mixed Hodge structures 

{(W-W)'}^ 

is a nilpotent orbit of mixed Hodge structure. □ 

3.6. The MHS on the Fundamental Group of the Central Fiber. Let 

iri(Zo,po) be the fundamental group of the central fiber and let Z7ri(Zo,po) be 
its group ring with augmentation ideal Jo- In this subsection we define a MHS on 
the fundamental group of the central fiber. Apart from the contribution coming 
from the non compact disks Di with i = 1, . . . , i — 1, the construction of this MHS 
is a special case of the general construction of a MHS on the fundamental group of 
a complex algebraic varietiy as introduced by Hain [Hai87a]. The main result here 
in this subsection is that the obvious group homomorphism 

c : ni(Zff, w) -> tti(Z q ,pq) 

induces inclusions of MHSs: 

c * : (Jo/Jtr^ (f/J s+ r- 

Most proofs are very similar to the proofs of the corresponding statements for 
iri(Ztf,w) and are therefore left to the reader. 
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3.6.1. A DGA of Differential Forms on the Central Fiber. Now let us construct a 
dga A' which computes the cohomology of Zq and allows to define the MHS on 
ni(Z ,p ). Define 

Bq ■= C ffi E'{Di) E'( Pkl ) ® ^(A 1 ). 

«>0 [fe</] 

By setting C = A*(l?) anc ^ ^'(Pkl) = A we may consider _B* as sub-dga of the 
complex B* as it was defined in 2.1, Now define the dga:0 

AS := BJ fl A*. 

Note that: A' = Wq A', i. e. A' consists of exactly those elements in A', which 
have no poles and no "log t — u" . The dga A' inherits a Hodge- and a weight 
filtration F' and W, as well as an augmentation map a : A' — ► C from A* . 
Similarly to Theorem 2.2 one can prove: 

Theorem 3.17. H'{A' a ) = H'(Z ;C). □ 

3.6.2. Collapsing the Vanishing Cycles. A path 7 : [0; 1] — > Z over v based at it; is 
in particular a path in D + based at pq. We leave it to the reader to prove: 

Proposition 3.18. The obvious map 

C : 7Tl(Zj?, w) -> TTi(Z ,p )- 

is a well-defined surjective group homomorphism. 

3.6.3. Iterated Integrals on the Central Fiber. Since A' is a sub-dga of A' we may 
define: 

Definition 3.19. Let I — J2\,j\< s a J Vh ®" ' '®Vj r e 0r=i ® T ^0 be Chen-closed 
and let [7] € 7Ti(Zo,po) be such that it is represented by a path 7 over v based at 
w. Then define 



/:= / /. 

••(7)] h 

Now let J be the augmentation ideal in the group ring Ztti(Z ,pq). Similarly 
on page one proves: 



to Theorem 2.1 



Theorem 3.20. The integration of closed forms in Aq along elements of 'tti(Zq,pq) 
defines an isomorphism 

H 1 ^') Homz (J /J 2 ;C). 

Since by definition the integration maps are compatible with c : m(Zg,w) — > 
7ri(Zo,po), we have an inclusion 

^ X (^o) H l {A'). 

Define for i? = Z, Q, R or C: 

H\Al) R := I^Vk n and (Jo/Jr!^)* := Hom z ( J / J S+1 ; fl) . 

It follows from the proof of Theorem |2.11| on page 28 that holds: 

10 We avoid to introduce the language of simplicial and cosimplicial objects here. However 
except for the contribution from Do, ■ ■ ■ , D r —i, the complex A* is isomorphic to the de Rham 
complex of the (complex part of the) cosimplicial mixed Hodge complex on the simplicial variety 
Zq. 
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Theorem 3.21. 

(J Q /4Y := {H\A- )z, (H\A$ Q ,W.), (H l (A- ),W.,F'))=W 1 (J/J' 2 y 

In particular, {Jo/Jq)* is a 7L-MHS of possible weights and 1. 

Moreover, one can prove (similarly to Theorem |3.9| ): 

Theorem 3.22. Integration of Chen-closed elements in ©* =1 ® & A^ along ele- 
ments of tti(Zq, po) defines an isomorphism of complex vector spaces 



H°B s (A',a) Hom z (J /J S+1 ;C) 



□ 



Since the integration maps are compatible with c and since J / J s+1 — > Jo/Jj +1 
is surjective, we find (the path a in the definition (d) in 3.2 does not contribute 
anything to the integral since there are no residues): 

Corollary 3.23. H°B s (A^,a) <-> H°B s (A',a). □ 

Similarly to Theorem 3.12) one proves: 
Theorem 3.24. For any s > 1 is 

(Jo/J^y ■■= ((Jo/Jo +1 )l ((Jo/JS*%,W.) ((J /Jt%,W.,F-)) 

a mixed Hodge structure and the short exact sequence 

(3.7) - (Jo/J s )* - (Jo/J S+1 )* - H\AX S - 

is a short exact sequence of MHSs. 

Finally, let us state the following easy to prove theorem. 

Theorem 3.25. The map c : 7Ti (Z$, w) — * tti(Zq,po) induces an inclusion of MHSs 

□ 

4. Well-Definedness and Formal Connections 
The main results of this section can be summarized in the following theorem. ^ 

Theorem 4.1. Let I = J2\j\< s a J Vii ® ' " " ® fj r & ©r=i ® r ^ be a Chen-closed 
element and let 7 : [a; b] — > Zq be a path over v based at w. Then 



converges (i-lS) and does not depend on the choice of coordinates (4.I4). Moreover 
it does not depend upon the choice of 7 within a nearby homotopy class of paths 
over v based at w ( 4-l(\ ), i. e. we have a nearby homotopy functional: 



aj fh 

J 



■ip jr : m(Zn,w) -> t 
Finally, this homotopy functional is zero if I € 1Z\ (A* , a) . 



The numbers in brackets refer to the place, where the respective assertions are proved. 
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In general on a manifold one can express iterated integrals over Chen-closed 
linear combinations of tensor products of smooth 1-forms in three different ways 
as line integrals: First, one can pull back the iterated integral to the parameter 
interval according to the definition of iterated integrals. Second, one can express 
the iterated integrals as line integrals on the universal covering. And third, one can 
split up the iterated integral into pieces over parts of the path, which lie in simply 
connected open sets. In all three cases one transforms the general iterated integral 
into an iterated integral on a space, whose dga of differential forms is acyclic. 



The idea to prove 4.1 is to express iterated integrals along paths over v in a 
similar way locally as line integrals along paths over v. Away from the double 
points in Zq this can be done like described above. But around a double point the 
problem arises that if we restrict our dga A' in the naive way to a dga living on 
an open neighbourhood of the double point, still the result will not be an acyclic 
complex. After all the dga A' restricted to a double point computes the cohomology 
of the vanishing cycle at that double point. 

Since a path over v locally at a double point is forced to approach the double 
point in a particular sector we can find simply connected open sets in Zq, which 
contain all of this (local) path apart from the double point itself. If we are given a 
closed form ip in A 1 then we can find primitives of this form at least on those open 
sets. But since tp may have a simple pole in the double point, these primitives can 
have logarithmic singularities there. 

Recall that reducing the length of an iterated integral over a Chen-closed element 
with differential forms in an acyclic complex can be done as follows: Choose a 
primitive of a closed form and multiply this function in an appropriate way with 



the other forms (cf. ]Hai87c| , Prop. (1.3), p. 252). When one takes an iterated 
integral over a composition of two paths, one can take primitives of this closed 
form over each of the paths and has to take care that their values on the junction 
point match. 

For instance in the case of a path which passes only through one double point 
Pki and changes from one component to another, we would like to decompose this 
path into three parts: two parts where it stays in one of the components and a 
third part which is represented by the 1-simplex A 1 . (Observe that also in the 



definition (a) on page 23 we thought of A 1 as being part of the path 7.) But, 
when we now choose primitives on each of the components of a closed compatible 
1-form, in general these primitives have logarithmic singularities at the junction 
points of the three parts of the path. Hence, we cannot make their values match. 
It will turn out that although we cannot make their values match, we can make 
their formal shapes or the type of their singularity match. This leads to a kind 
of higher compatibility and finally to the definition of the dga A* kl . In this way we 
can then indeed locally express an iterated integral along a path 7 over v as line 
integral of a closed form in A kl along 7. This construction allows us to prove in the 
local case convergence, independence of local coordinates around the double points 
and invariance under nearby homotopies between paths over v of iterated integrals 
of Chen-closed elements. 

A crucial role in all convergence considerations is played by the following classical 
fact (cf. [ pou34[ | III.2, p. 192). 



Fact 4.2. For £0 > let h :] — en, Sq[-^ M be a smooth function that vanishes at 0. 
Then for any m £ N holds: lim e ^o h(e) log" 1 e = 0. 
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Since iterated integrals are not additive on paths in the naive sense, these results 
do not carry over immediately to the corresponding assertions in the global situa- 
tion. Here we first have to introduce an analogue to Chen's theory of formal power 
series connections in order to describe the relation between iterated integrals on a 
composition of two paths over v and iterated integrals over these paths seperately. 

4.1. Local Considerations. We start out by considering iterated integrals along 
paths which are defined locally in a neighbourhood of a double point. 

4.1.1. A Localization of A' in a Sector at a Double Point. Consider a double point 
Pki in Zq with [k < I]. Recall that there are coordinates (x, y) : W k i — U kl x U l kl — > 
C 2 around this double point. Using these coordinates, we want to construct a dga 
A kl for this double point p k i ■ 

Define Uj°f := Ufa \ and U l u := U l u \ R^°. Note that the function logo; 
(resp. logy) can be defined univalently on U k f (resp. U k J). Now let E'(U k f \ogpki) 
(resp. E*(U l - \ogp u )) be the sub-dga o{E'(U%f) (resp. E'{U l k j)), which is gener- 
ated as E*(Ufa) (resp. E* (U l kl ))-modules by powers of log a; (resp. logy) and their 
derivatives. That is, we have embeddings of dga's 

E'(U k kl ) ® c f\\^)[\ogx] ^ E'(U h M ) 

and 

E'(U l kl )® c /\'(^)[logy}^ E'(U l k i), 

whose images are E*(U k {~ \ogp M ) and E'(U l M \ogpu)- Q 

Since JS7-(C7*) (resp. E'(U l kl )) and A*(f Jpogs] (resp. A*(f )pog»]) have co- 
homology only in degree 0, the Kunneth formula tells us that also E'(U k f \ogp k i) 
(resp. E'fjjjj \ogpki)) have no cohomology except in degree 0. If {fc, 1} = {0, 1} 
then define 

S-([/ rlogp 01 ):=/\*(^)[logp], 

which are the polynomials in the variable logp and coefficients in A*(^r)> where 
the differential is given by the Leibniz rule, d * = and d logp = 22. 

Now let A kl := /\*(—, — )[w, w] be the dga, which is defined as follows: Let 
A* := /\°(—, —)[v, w] be the dga /\'( — , ^)[v,w] of polynomials in two variables 

x y x y 

v and w with coefficients in A*(if; if )> where the differential d is given by the 
Leibniz rule, d (fQ = d = and 

A dX A A d V 

dv := — and dw := — . 

x y 

Observe that there is an embedding 

A» . dx dy . . . a • ,dx dy . . . 
x y ' x x y 

12 These maps are embeddings for the following reason: If JZ^Lo 9v( x ) l°g" x = with g„ £ 
E°(Uh) it follows that all g„ = for v = 0,... , m, because for any xq £ U kl the polynomial 
X]]JLo 9v{ x o)iv v G C[w] has infinitely many zeroes: {loga;o + 2irin\n £ Z}. 
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by setting u = v + w. Note that (A* ; , d) only has cohomology in degree 0. 
Similar like in the definition of A' we define the dg sub-dga of 

B' kl := ET(U*- \og Pkl ) © E'(U l k J \og Pkl ) © ^(A 1 ) ® c A' kl , 

which contains all those elements that are subject to the following compatibility 
conditions generalizing the compatibility conditions in the definition of A' . Observe 
that B kl = for n > 4. 

We shall use P k i, K k i, L k i, H k i, R k i, S k i and T k i to denote elements in C[£, v, w]. 
If the context is clear, we omit the indices k, I. 
A°j : An clement 



f = ^9kA x ) ^g v x + ^g hv {y)\og v y + P kl (£,v,w) e B a kl 

v=Q v=0 

is called compatible, iff holds: 

m m 

P k i(0,v,w) = ^2g k ^(0)v 1 ' and P kl (l,v,w) = ^giAtyw" ■ 



v=0 v=0 

A^j : We call an element in B kl , 

m m , , 

u> k „ log x + > lo 1v log y + K h L — + Hdt, 

z — ' ir y 

L/=0 !/ = " 

a compatible element iff it satifies: 

K(0,v,w)= J2™=o Rcs pm v v , L(0,v,w)=0, 

m 

K(l,v,w) = , L(l, v, w) = ^Res PJii us^ v w v . 

A^j : Let us call an element 

= fi<*> + fi<'> + A - + 5de A ^ + T - A ^ e Bl 

x y x y 

compatible iff holds: 

T(0,v,w) = T(l,v,w) = 0. 

A3,: And finally let A% := B\ v 

Note that dA kl C ^."j -1 for z > and that ^4* ; is a dga. Again, similar like in the 
definition of A', we can give an alternative definition of A kl as follows. Consider 
the surjective map of complexes 

<&M '■ B kl ► Ajy © A*; , 

which sends the element J27=o 9kA x ) log" x + YZ=o 9lAv) 1o E" V + p ki(t v , w ) € 
B° kl to (P k i(0,v,w)-Y;Z 9kAQ>n®(Pkl(hv,w)-Y:Z 9lAQ)™ v ) and 

mm d d 

Euj kM log" a; + V u hv log" y + if (£, v,w) h w) h H(£, v, w)d£ 

z — ' X V 

11=0 ;/=() a 
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K(0, v, w) - R.es Pfci u>k,v v u j — + L(0, i>, w) — 



a; y 



dx ( m \ dy 

K(l,v, w) h £(1, u, w) - > Res Pfci ,„ w v — 

x \ J y 



in B^ to 



Moreover, $ k i maps 

n W + Q,(D + R fe 7j, w) A — + S(£, v,w) d(, /\ — + T(£, w) — A — G 

a; 2/ x y 

to T(0,u,iu)^ A ^ © T(l,u,u;)^ A ^. It is easy to check that $ is indeed a 
surjective map of complexes. Then we find: 

and with C* ; := A* ; © A* ; we get the short exact sequence 

o — > A' kl — > sje, — > c;, — o 

and may conclude from the long exact cohomology sequence using H°(A m kl ) = C 
that H l {A' kl ) = for i > 1. 

Note that there is an obvious dga-morphism: A* — ► 

4.1.2. ^4 Pai/i Locally at a Double Point. Consider a path over v, which lies entirely 
in U k f U {pa} U f/jy~ for a double point p/y. We want to extend the definitions 



(a), (b), (c) and (d) in 3.2 to the definition of e-iterated integrals with forms in 
Ah along this path. Again like before we define these e-iterated integrals in several 
steps. At the end we let the iterated integral of a Chen-closed element with these 
forms along such a path be the limit of the sum of e-iterated integrals. 
Let <fi (g) • • • ® ip r in A kl , where we write each 



with 



and 



a£°=5>#W* and ,Dp>=5>i2 

!/=0 !/=0 



=K^—+L^^-+H^d^. 
x y 

We define now the iterated integral of ipi (8 • • • ® </? r along a path over u in J7^~ U 

{piw} U E/jy as follows. 

(a): Let 7 : [a; 6] — > £7^" U {pfe;} U U l k J be a path over v, which meets the set 
of double points only once with parameter value r G]a; b[, where it changes 
from D k to D[. Define 7a; (t) (resp. 7 1/ (r)) to be x(7(r)) (resp. 2/(7(1"))). We 
abbreviate for £ > small enough: 

:= H U) ( fj bg ( 7:c (r - e ) • 7j ,(t + e)) ) 

Then define 



w • • • := E / *r • • • *r / ^ a+1) • • • ^ / "1 • • • fi r 

0<a</J<r 7 ^_. [0 f x] ^ 
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(b): Let 7 : [a; b] — > UZT U {pki} U f/l7 be a path over u, which meets the set of 
double points only once with parameter value To s]a; b[, where it stays in one 
component D^- Then define: 



/ r ,(l) riot) / ~(a+l) ~M 



7 0<a<r 7 < TO _ e 7 ^ TQ+e 

(c): Now let 7 : [a; 6] — > LTffr U {p/ci} U Ut[ be a path over v such that 7(a) and 
7(6) are different from pu- Then there is a finite number of parameter values 
ti , . . . , tn with a < n < • ■ • < tat < b, which are mapped onto pu ■ Choose 
a t* G]Tj; Tj+i[ for i = 1, . . . , TV — 1 and let Tq := a and := 6. Then we 
define 7j := 71 ^ ^ for i = 1, . . . , N and let: ef ipi ■ ■ ■ ip r := 



^QJV-I + I ' ' ' far 



ej tpi ■ ■ ■ tp ai ej tp ai+ i ■ ■ ■ p a2 ••• /< 
o<o l <...<o JV _i<r 71 72 7N 

(d): Finally assume that pu = Po- Let 7 : [a; b] — > {poi} U ^oi~ ^ e a P a *h over u 
starting (or ending) at iw. Like before, the coordinate p : D — > C allows us to 
consider Z? as P ar t of the complex plane. There, in C, we have the differential 
form (and not the symbol) Let a be the straight path th (1 — r) in C, 
then we define e > small enough 

/ \ 



Ej (f\---(p r := Ej <p\---<p r 
7 cr*7 



or J <pi • • • ¥>■ 

\ 7*er-! / 



Note that if all the ipj are even in the image of the obvious dga morphism 
A* — > A' kl , then clearly these definitions coincide with the definitions (a), (b), (c) 
and (d) in ^2. 

Proposition 4.3. Let f G A° kl . Then for any path 7 : [a; b] — > E/* - U U {7^7 

ewer w holds: 

lim^/ = /(7(&))-/( 7 (a)). 

7 

Proof: Let p = w fc + w, + K% + if + Hd£ = df = d (G k (x) + G, (y) + P{£, v, w)) 
and write 

m m 

uj k = ^2 log" x and H>i — ^ wi >v log" y 

as well as 

m m 

G fc(a;) = 51 fffc.f W iog" x and G i = ^2 9i Av) W y- 

i/=0 i/=0 

We can decompose 7 into paths ji, for i = 1,...,N, i. e. 7 = 71 ★ • • • * 7jv 
such that each of the paths 7^ meets the double point p k i only once. Because line 
integrals are additive we have 

N 

i=l J H 
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provided that all the integrals on the right hand side converge. Therefore we may 
assume without loss of generality that 7 meets the double point p k i only once with 
parameter value To €]a; b[. We distinguish two cases. 

A path traversing the double point: Suppose that 7 changes components, say, 
it runs from D k to Di. Observe first that holds: 

H(£, v, w)d£_ = P(l, v, w) - P(0, v, to). 

[0;i] 

Then we may compute - using the compatibility: 

/ dG k - P(0,log7 x (r - e),log7j / (r +e)) 

m 

=G k {j x (T - e)) - ^3fc^(0)log l/ 7 x (r - e) - G k (j x (a)) 

v=Q 

m 

= ^2(gk,vhx(T Q -e))- g k ^{Q))\og u j x (t - e) - G k (j x (a)). 
With Fact [O] we derive 

/m 
V) u)k,u log" x - P(0,log7 x (r - e),log7 a (r + e)) = -G k (^ x (a)) 

and similarly we find: 

P m 

l^o / ^2 w l,v lo & U V - p ( 1 : 1 °g7x(T -e),log7„(r +e)) = Gi(j y (b)). 

A path colliding with the double point: Suppose now that 7 stays in one 
component D k . Here we compute: 

u k + j u k = (G k {j x (T -£))-G k {j y (T + e))) + (G k (j x (b))-G k (7 x (a))) 
and the first summand tends to as e becomes small. □ 



Before we formulate and prove a generalization of the preceeding Proposition 
to iterated integrals of arbitrary length we need some preparation. To perform all 
the convergence considerations in the proof of Theorem |4.6| we need the following 
technical but elementary Lemma. 

Lemma 4.4. Let 7 : [a; b] — > U%f U {p k i} U U k J be a path over v that meets 
the double point once with parameter value tq and changes from D k to D\. Let 
Cu ( k \... ,4 r) G E^U^logpa) and let . . . , d>, (r) e E 1 ^ \ogp a ). Define 
for the polynomials h^\ . . . , hy 1 € C[£, v, to]: 



rjjp := h^ (^\og lx {T - e),\ogj y (T + e))dt 
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Then there is a positive number C and a natural number N such that for all e > 
small enough holds: 



(4.1) 
(4.2) 

(4.3) 



~(1) ~{r) 



[0;i] 



-(1) -(r) 

"I • • • 



< 


c 






< 


c 






< 


c 















Also the corresponding assertion holds for a path 7 over v, which meets the double 
point once but stays in one component. 



Proof: For the proof of (L2) in Lemma L4, observe that 

is a polynomial, say Q(v,w), in C[v, w] such that 

/ 4 1) '--4 r) -Q(log7x(r -£),log7 a (ro+e)). 

J[0;1] 

Write Q(v,w) = J2 m ,n a mnV m w n . Then we find Q(\ogj x (T - e), log7 y (r + e)) 



lim log 

£^0 



= 2_^a mn [\og{ )+logel \\og{— 



) + l0g£ 



Assertion ( fi~^ ) is true since: 

'1x{t q - e) 



logT^To) and lim log 

e—>0 



log7j/(r ). 



(4.2) and (4.1) are quite similar to prove. We show (4.1) and leave it to the reader 
to prove Let /j-(r)dr = 7*u)£ i) for i = 1, 



L ) - ' - 7 ' 



Then 



-(l) _(r) 



< 



y • • • J /i(n) • • • fr(r r )dn ■ ■ ■ dr r 



a<ri<---<r r <To— e 

I \h{n)\d n / |/ r (T r )|dr r 



a 



a 



and if Qk(j) — Ylv=o Av(x) log 1 ' x-^- + B u (x) log" xdx, then we find 



/i(r)=E 



^=0 



A v { lx {r))\og v lx {r) . 



7* (r) 



7a; (r) + B v {^ x {t)) log" 7s (t)-^ (7) 
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There are A v , B v > such that sup^, |^4„(;r)| < A v and sup^, |-B„(a;)| < b v . Moreover 



tetC v :=C 7x(r) 



dr. Then 



W(r)\dr 



< 



< 



log 1 " 7a, (r) . . 



7x0) 



log" j x (t)%(i) 



m , 1 

£ A„ — - (log" +1 7, (r - e) - log^ 1 7x (o)) 

i/=0 ^ 



The assertion follows now from the differentiability of 7^ . 



B v \\og v lx {T Q -e)\C u } 
□ 



The following proposition is an analogue to the corresponding laws for iterated 
integrals on manifolds. There it is an easy consequence of partial integration. Here 
we have to take the limit e — > into account. 

Proposition 4.5. Assume now that 7 : [a; b] — > Lcr U {pfci} U C/jL7 is a path over 
v. Let (pi,.. . ,(f s S Ajy be such that at least one of them is exact. 

If (fi = dfi, then 

1™ |ef 7 dfi(p2 ...(fs-tf^ ((fi - fi(-y(a))(p 2 )(p3 ■ ■ ■ <ys s } = 0, 
if (p\ = df\ for 2 < A < s, then 

1™ {€y ' '^/a '-'Ps-tfytpv -(/a^a+i)- • + §f 7 • if\(p\-i)- ■ -(fs^ = 0, 
if(p s = df a , then 

1™ |ef 7 ■ • • y s -id/ s -tf y Pi-'- Ps-2 (f s - / s (7(6))v«-i) } 



0. 



Proof: The computations for the proof of these laws are straightforward but te- 
dious. The idea is to express the iterated integrals of the proposition in terms of 
iterated integrals along paths lying completely in either one of the components or 
on the 1-simplex A 1 . For the latter iterated integrals the corresponding laws hold. 
The complete calculations can be found in [Kae97|, pp. 121-129. 

Let us here just prove the first of the three laws. The proof of the others is 
comparable. Write 



<Pj 



, dx 



and 



where 



fi = f = G k (x)+Gi(y)+P{S,v,w), 



u)k,v log" x and 



^2 <«V log" y 



!/=0 



v=0 
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and 

m m 

Gk(x) = E 9k A x ) iog" x and G i(v) = E siAv) iog" y- 

i/=0 i>=0 

Before we show the first law for general paths 7 over v in U k f U {pu} U ?/ fe 7 we 
consider the local situation at a double point first. 

A path traversing the double point once: Suppose that 7 : [a; b] — > C/^ - U 
{ffci} U f/jy~ meets the double point pm once with parameter valuero €]a; 6[, where 
it changes from to Z);. Again, we make use of the notation: 

Pe(0 ■= P(Z, log 7x(r -e),log7 y (T +e)) 

and 

^0) := FO)(^l g7 x (ro - e),\og ly (T +e))dt 

Note that: = r)i^ in ^'(A 1 ). Assume without loss of generality that 

f(p) = f(l( a )) = 0. Then we compute with = df: 

j {f<P2)<P3---<Ps 

7 

7>T + E 

=«</3<s [0;1] 7 

E / (G fe 4 2) )4 3) ---4^^ 

:a</3<« ■ 

'<T0- £ 

= / 

E /^-^ / 

:a</3 ^ s [0;i] 7>. 0+E 

e /4 i) --i a) /^ +i3 --^ ) /-r- } 



Ka</3<« 7 ^ to _ e (|:| 

,-,(*) 
uy ; • • • ■ 

7>x += 



,-.08+1) (») 
CJi ■ * * Cut 



1 ■• - / ; < 

" s 7^°" e [0;i] 7>. 0+E 

-,(2) ~( s ) 



+ G((7,(to + £)) y ^ •••^ 

7>r + E 



E ^(o) / ^)#---^ / 4 0+1) --4 s) 

l=a<fi<s [0;1] 7 >t„+« 
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~(1) .-.(«) 
LO l ■■■UJ l 



7>r + e 



E "i. 



l=a</3< S [Q;1] 7; _ To+e 



E 

Ka</3<s 



7 



~(1) -(«)/ (a + D (/3) / -(0+1) 

w * • • • w * y% j - ' / • • ' "l 

'^0-° [0;l] 7>x 0+e 



(1) / -(2) _(») / / -(2) -(.) 

[0,1] 7>x + E 7 < T o- e 7>x +e 



E 

l=a</3<s <" _ 



-X 1 ) / (2) (/3) / ~(/3+l) ~(») 



7 -.u-= [0;1] 7>x 0+e 

+ [(G,(7yfo + e)) - P s (l)) + (P e (0) - G,( 7:c (to - e)))] 

~,(2) _(») 
7>x 0+£ 

h E (Pe(0)-G k (lo glx (r -e)) 

l=a</3<s 

[0;i] 7> T0+e 

7 

+ [( Gi (7,(To+s))-P s (l)) + (P e (0)-G fc ( 7a; (ro- e )))]- | ^ (2) ---^ (s) 

7>x 0+e 

+ E C^(0) " G fe (log 7 .(ro - e)) ■ / # • • ■ / . fiM 

l = a <P< s [0;1] 7>x + e 



With Fact 4.5 and Lemma 4.4 we find that 



lim < ej [f(f2)<P3 ■■■<p s -eftpi...<p s \ 

K 7 7 / 



A path colliding once with the double point. Now let 7 : [a; b] — > U 

{Pfc;} U U l k J be a path over v that meets the double point phi once with parameter 
value To €]a; 6[ and stays in one component Assume again /(p) = /(7(a)) = 0. 
Then we compute as follows. 



j (/V2V3 ■••fa 

7 
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(G k u> k )uj k ■■■u) k 



7>x 0+ c 



E 

<«<, 

E 

0<a<s 



(U k UJ k )UJ k ■■■uj k u; k ■■■ UJ k 



1 - a - S 7< T0 - e 7^o+ £ 



w fc w fc / w fc u k 



v> T + e 



G fc ( 7a (ro + £ ))- / 4 15 



/ {ff%)f3 ■■■<ps+ {G k (lx(To + e)) - G fc (7(r - e))) 



This shows by Fact 4.2 and Lemma 4.4 




(f<P2)<P3 ■ ■ -fs - £/ <Pl 



= 0. 



A path locally at a double point Assume now that 7 : [a; b] — > L^f" U{pfe;}Ut/ fe ^ 
is a path over v. Note that we can decompose 7 into pieces each of which meets 
the double point once: 7 = 71 • • *7at. We saw already that for each of the paths 
7i with i = 1, . . . , AT the assertion of the Proposition holds. 

It remains to show that if for a path a : [0; 1] — > f7£p U {pm} U £7^7 over u and for 
a path /? : [0; 1] — > U k {~ U {p/d} U over v with a(l) = /3(0) the assertion of the 
proposition holds, that then the assertion is true for their composition a* f3. This 
is a straightforward calculation similar to those above, which finally makes again 
use of [O and O. □ 



Theorem 4.6. Let p, q G E/jy U [7jy and let hi G 0* =1 <8> S ^w &e a Chen-closed 
element. Then there is a "function" f pq G A kl such that for any path 7 : [a; b] — > Zo 



over u, which lies in U kl U {pfc;} U E/jy and which starts in p and ends in q, holds: 



ri- 



lim fif I k l = fpq{q) - fpqijp)- 
e^OJ 



Theorem 4.6 has the following immediate consequence. 



Corollary 4.7. lim £ ^o 4 -^W converges under the assumptions of Theorem L6 



Proof of 4.6: We will prove the theorem by induction on the maximal length s of 
tensor products in hi- 



1 this is the assertion of Proposition 4.3 



For s 

s > 2: Let hi = 5Zj a J fh ® ' ' ' ® fir be Chen-closed. According to Lemma \A 
there is for each J with | J\ — s at least one closed and hence exact form ipj x = dfj x 
We distinguish three cases: 



(i) If A = 1, then define /, ,. := (f h - f h {p)) fh 

s-l 



(ii) If 1 < A < s define I ju ... ijs G (g) 

fh ® ■■■ ® /ixfti+i ® ■■■ ® fj 



"A^ to be: 



fh ®---®fjxfj>> 



® • • • <8 yjj. 



A ki- 
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(iii) Set 4,... Js := -cp h ® • • • ® (/ is - / Js (g)) G <g) s Uj,, if A = s. 

Note that the definition of the Ij lt ... j a only depends on p and Now 



\J\=s \J\<S-1 



is Chen-closed and by induction hypothesis there is a G A^ such that J = 



f P q(q) ~ fpqip)- Proposition §J5] tells us: H^oj^ Vj'i • 
And this implies f 4; = J* / fcJ . 



J 



0. 
□ 



4.2. Formal Power Series Connections. Iterated integrals are not additive on 
paths in the naive sense as we saw already in Proposition 3.6. However, once we 
know they satisfy rules (see |4.8| ) similar to those in Proposition 4.5, it is possible 
to give Proposition 3.6 an interpretation of a homomorphism. The appropriate 
language to do this is Chen's theory of formal power series connections (cf. JChe77a |, 



Che73| and [Che75a]). Here we introduce an anologous language for integration 



with forms in and A*. 

But first let us state the global version of Proposition L£ . This is necessary in 
order to apply the reduced bar construction. 

Proposition 4.8. Assume that 7 : [a;b] — > Zq is a path over v (based at w). Let 
<pi,.-. , f s G A 1 be such that at least one of them is exact. 

If (fx =dfi, then 

1™ • • -ips ~ sf 7 ((/1 ~ h{l{a))<Pi)v3 ■ •• Vs} = 0, 

if ip\ = df\ for 2 < A < s, then 



lira 



a |ef 7 tp v ■ -dfx ■ ■ ■ <p s - ef 7 tpv • ifxfx+i)- ■ -<Ps + 4 1 fv ' ifx^x-i)- • -<ys s } 



= 0, 



if ip s = df s , then 



•<Ps-2(fs ~ / a (7(6))¥> s _l)} 



= 0. 



Proof: Assume now that 7 : [a; b] — > Zo is a path over u (based at w). Note that 
according to Proposition 4.5 we can decompose 7 into piece such that for each of 
them the assertion of Proposition |4.8| holds: 7 = 71 *• • -*7jv- One has to show that 
if for a path a : [0; 1] — ► Zq over v (based at w) and for a path [3 : [0; 1] — * Zq over v 
(based at w) with a(l) = [3(0) the assertion of Proposition i. £ holds, that then the 
assertion is true for their composition a * ( 3. T his is a straightforward calculation 
similar to those in the proof of Proposition 4.5. □ 

4.2.1. Formal Power Series Connections. Let ipi, ipij, tpijk, i, j, k — 1, 2, . . . , s 
be elements in A 1 . Let X%, . . . ,X S be noncommutative indeterminates. 
The formal power series 



E 



ifijXiXj 



E 



<PijkXiXjXk 



will be called a formal power series connection for A* . We refer to the number s 
as to the length of u>. The curvature k of oj is defined by: 



du> + oj A uj. 
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Associated to the given power series connection ui and a path 7 : [a; b] — > Zq over 
v (based at w) as well as e > small enough there is a formal power series with 
coefficients in C, the e-transport of to applied to 7 



T(7) = 1 + Joj + Jojlj + J 



UJUJLO - 

7 



whose coefficients are given by 

Ti(7) = (7) = / (filfij + Cfij 



7 7 

Tyfc(7) = £/ <Pi(fj<Pk + fijfk + Pifjk + fijk 



and in general 

0<ai,-<Q r -i<r J 7 J 7 

The reason for us to make these definitions is the following Proposition. 

Proposition 4.9. Let p, q, r G Zq \ U[fc<z]{.Pfcz} awc ^ ^ a i P '■ [0; 1] ~* %o be paths 
over v (based at w), where a goes from p to q and (3 from q to r. Let uj be a power 
series connection. Then for e > small enough: 

T(a*/3) =f (a)-TG8). 

Proof: The proof follows from the following rule 




which in turn can be seen to be a consequence of Proposition 3.6, □ 



Not difficult to prove is the following proposition when one uses Lemma 3.5. 

Proposition 4.10. Let ui = ipiXi + fijXiXj + fijkXiXjXt + ■ ■ ■ be a 
formal power series connection for A* . Then k = cLj-\-uj/\uj = if and only if the 
coefficients of the formal power series 1+u> + uj®u + ui®uj®uj + -- - are closed 
under (di + dc). O 

The next proposition allows us to use formal power series connections in order 
to prove things about Chen-closed elements in 0* =o ®' A 1 . 

Proposition 4.11. Let L € ®*_ ® r A 1 be Chen-closed. Then there exists a finite 
number of formal power series connections . . . ,ujn of length s with curvature 
such that up to an element in 1Z\ (A' ,a) I is the coefficient of X\ ■ ■ ■ X s in: 

N 

^2 (1 + U i + w i ® Ui + L>i ® L>i <g> UJi H ) . 

z=l 



Proof: Induction on s: s = 1 is trivial. So s > I. By Lemma 3.3 and Lemma 



3.5 we find that there are fomal power series connections (fpsc's) ui± , . . . ,u>k °f 
length s such that the difference L^ between I and the coefficient of X\ ■ ■ ■ X s in 
J2f=i (l + + CJ i' S ' ) ® w i S ' + " • ' J is 01 length s — 1 and closed under {dj + dc). 
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(s 11 (s—1) 

By induction hypothesis there exist fpsc's Q\ , . . . , uj l of length s— 1 such that 



l( s 1 ) is the coefficient of X% ■ ■ ■ X s -i in J2f=i ( 1 



~( s -i) , ~( s -i) « 



Define the fpsc's u>[ s ^ to be w| s ^ except that the indeterminate X s _i is replaced 

fs— 1) 

byX s _ x X s . Thew> ' still have zero curvature! and / is the coefficient of X\ ■ ■ ■ X s 



K 



^ f i + 4 s) + c, (s) ® w , (s) + . . . )+ t ( i + Jr 1] + ^ (s - 1} ® ^ s 



□ 

Proposition 4.E enables us to prove that the iterated integrals along paths over 



v converge not just locally but also globally. 

Theorem 4.12. Let to be a formal power series connection for A* with curvature 
k = 0, letj: [0; 1] — > Zq be a path over v (based atw) and letT(j) be the associated 
e -transport of to applied to 7. Then 

T( 7 ) := limf (7) 

converges and is called the transport of u applied to 7. Moreover if a, j3 : [0; 1] — > Zq 
are paths over v (based at w ), which can be composed to a connected path over v, 
then 

T(a*/3) = T(a)-T(/3). 

Proof: Let 7 : [a; b] — > Z be a path over v (based at w) that meets the set of 
double points {pm} with parameter values a — r < T\ < ■ ■ ■ < r m < r TO+1 = b. 
At the double point p £ D , we have the embedding x = p : D — > C. Like 
before, let cr be the straight path t 1— > (1 — t) from 1 to G -Do- Decompose 
er * 7 * cr -1 = 70 * • • • * 7m+i such that for each j K : [a K ; b K ] — > Zq, the interval 
[a K ; b K ] contains only the parameter value t k in its interior. There is an £0 > with 
which we can decompose each of the paths 7^ into 7 K = a K * 5 K * f3 K such that a K 
resp. (3 K lie entirely in one component and each S K is a map 

S K : [t k - e ; r K + e ] -» U {pm} U f/^ 

for some [fe < Z], 



By Theorem 4.6 we know that if d is one of the paths a K , S K) (3 K then T(i9) 



converges. The proof can now be accomplished by applying Proposition 4.9. □ 
Hence we may conclude the following corollary. 

Corollary 4.13. Let I S ©^=0 ®* ^ ^ e a Chen-closed element and let 7 : [0; 1] — > 
Z be a path over v (based at 10). Then lim e _vo ^ converges. If 7 : [0; I] — > Z is 
a path over u based at w, then J (7£f (vl*, a)) = 0. 



Proo f: T he assertions i n the corollary are consequences of Proposition |4.I1| , Propo- 
sition 4.8 and Corollary 4.12. □ 



Theorem 4.14. Let I e ©^o®'^ 1 be Chen-closed and let 7 : [0; 1] — > Zq be a 
path over v (based at w). Then J I does not depend on the choice of coordinates 
(x, y) around the double points. 



Remark 4.15. Theorem 4.6 may not be applied directly to prove Theorem 4.14 
since a priori the definition of the dga A' kl depends on coordinates. 
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Proof of 4.14: By Lemma 4.11, Proposition 4.S and Corollary 4.12 it is enough 
to prove the theorem for the following local situation. Assume without loss of 
generality that the path 7 : [0; 1] — > Z over v lies entirely in a Uj°f U {pu} U U]~[ 
for [k < I] and meets the double point pki once with parameter value To. Like earlier 
we distinguish two cases. 

A path traversing the double point. We have 



Recall that for each J there are polynomials Q a a € C[u] such that ef (fj 1 ■ ■ ■ (fj r 



0<«<^<r 7 <; o 

Furthermore remark: 
(log (7x(r -£) ■7»(To+e))) r 



7>x 0+e 



log( 7,(ro- £ )_ ; 7,(ro + £ ) ]+log£2 



(logE 



2\ m 



log 



7x(tq - e) ■ ly (to + e) 



E fl) ^ ( 7a(T °' £) ; 2 7y(ro+£r ) (log 



\fc=l 

The function log f 7x ( T °~ £ ^7« ( T °+ £ ) j j s a differentiable function in e on an intervall 

(— £o; £0) f° r some £oj which vanishes in 0. Hence the vanishing of this function 
is stronger than any logarithmic growth (Use Fact 4.2 on page ^). This indicates 
that the following limit is zero: 



lim 

£^0 



<Ph ■ ■ ■ Vjr 



O<a<0<r <^ 



E / ^■■■4 a) QtA^ 2 ) J 



UJ l ■ U) t 



l>T +e 



> . 



We find that J I does not depend on coordinates. 
A path colliding with a double point 



Let p := 7(0) and q := 7(1). We know by 4.6 that there exists a closed and hence 
exact ifpq = df pq € A\\ such that 



I = / Vpq = fpq(q) - fpq(p)- 



Let 7 : [a; 6] — » f/rl - be a path (over u), which is nearby homotopic relative to the 
end points with 7, but does not touch the double point. According to Proposition 
4.3 we observe: 



<Ppq = fpq(Q) - fpq(p) = / Vpq 



The integral on the right is independent of the choice of coordinates. 



□ 



1.2 
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4.3. Nearby Homotopy Functionals. In this subsection we want to prove that 
iterated integrals of Chen-closed elements in ®* =1 (S)^ 1 are invariant under a 
homotopy over v based at w. Hence, they are nearby homotopy functionals. There 
is no converse of this assertion since in general the iterated integrals only converge 
for Chen-closed elements in ©* =1 (£) r A 1 . 

Theorem 4.16. Let I £ ®^=o (S**^ 1 be Chen-closed. Then for two nearby homo- 
topic paths 70,71 : [0; 1] — > Z$ over v based at w holds: 

>=!'■ 



Proof: By Lemma 4.11 and Proposition [L8| it is enough to prove the corresponding 
theorem for a formal power series connection ui with curvature n = 0. Let T be 
the associated transport. We want to prove: T(7o) = T(7i) 

Let H : [0; 1] x [0; 1] — > Zq be the nearby homotopy. That is, H(-,0) — 70 and 
i?(-,7i) = 71 and for any A £ [0; 1] is H(-, A) is a path over v based at w. Consider 
the function: 

C: [0;1] — ► C 

A —> T(H(-,X)). 

We will show that C is constant by showing that it is locally constant. 

Let Ao £ [0; 1]. We show that C is locally constant at Ao- Write r\ := H(-,Xo) 
and denote by = tq < t\ < ■ ■ ■ < tn < t„ + i = 1 the parameter values, where r\ 
meets the set of double points: rj defines a map 

H:{0,... + — [k<l]}, 

by = Pn(i) for i = 0, . . . , N + 1. 

For any e > we define := [0;e], L\ :— [r» — e\Ti + e] for i — 1,...,N 
and L e N+1 := [1 — e; 1]. Choose a positive £1 < min ^ T ' + j 2 ~ T ^ (then all the L\ x are 

mutually disjoint) such that: 77 (Lf 1 ) C £^ w U U U l ^ y 

By the continuity of H and the fact that all H (•, A) are paths over if we can find 
a 5 > and an £0 > (with £0 < £1) such that for alH = 0, . . . , N + 1 holds: 

H (L? x [Ao - 5- Ao + S\) C C/^ U {p M(4) } U U l ~ {i) . 

and the inverse image of the double points under Hi , , , , lies entirely in 

6 F |[0;l]x[A -5,Ao-H5] J 

the interior of the set \J i L\ a x [Ao — S, Ao + 8]. (If A = resp. A = 1 then replace 
[Ao - <5, Ao + 8} by [0, <S] resp. [1-8,1].) 



Fix a A € [Ao — 8, Ao + 8] . It is a consequence of Theorem 4.6 that T takes the 
same value on any two paths H o 9i (i = 1, 2) over v, where the 9i are both paths 
with the same end points within L\° x [Ao — S; Ao + 8], whose end points are two of 
the four points: {{n ± £ , A ), (n ± £ , A)}. 

Moreover J I takes the same value on any two paths H o 6 t (i = 1, 2) over v, 
where the 9i are both paths with the same end points within [t^ + £ , r i+ i — £ ] x 
[Aq — 8; Ao + 8], whose end points are two of the four points: {(r, + £ , A ), (r i+ i — 



Sq, Ao), (ji + So, A), — Sq, A)}, likewise by Theorem 4.6. 

Now one easily constructs a finite sequence of paths ao, ct\, . . . ,chm in [0; 1] x 
[Ao — 8; Ao + 8} with the following properties: 

• H o ao — H{-, Ao) = rj and H o clm = H(-, A), 

• each H o on is a path over v based at w, 
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Figure 8. Illustration of the domain of H, the path 77 and the 
construction of the sequence of paths («i)i=o.... ,m- 



• two successive paths aj, Qfj+i coincide everywhere except either on an interval 
L e ° x [Ao — 5; Ao + S] or on an interval [n + So, r i+1 — e ] x [Ao — 6; \q + 6]. 

In other words we may write a, = C * * $ and a^+i = (, * 8' The operator T 



takes the same value on 9 and 6*'. Apply Corollary 4.12 to conclude T(i/ o on) = 



T(floa 1+1 ) □ 

4.4. Nilpotent Orbits. Here we will apply the formal power series connections 
to prove Theorem 3.15| . Since the operators M and N commute, we may prove the 



theorem by proving the following two equations separately: 
(i) (Jx*,*/J$$l = X- N (J*,*/J$Y Z C H°B s (A',a), 
(h) = » M (J*,*/J$)l C HW s (A',a). 



Proof of Theorem 3. 15| : We will prove (i) and leave (ii) for the reader. 



Let A : [0; 1] — > C \ R- be a path with A(0) = 1. Let Ao be a positive real 
number such that Ao < |A(c)| for all ? € [0; 1]. 

Like always, we fix coordinates (x, y) : Wki — x U l kl — > C 2 with respect to v, 
that means = v. For an appropriate p > let y ? = y : E/jy — > C be another 

coordinate that depends continuously on A(?) resp. ? and that satisfies: 

J/s = y for 1 2/1 > t-j 

Vt = YT-rV for |y| < P and 

yo = V for all y. 

For example, take a smoothing of the map that is given in polar coordinates by: 

~\ /(r n) l A l~ A ° I P \ 
r\ V P)\-\\\\ + |A| \ , . . P 
1 — 1 1 tor p < r < - — 
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These coordinates (x, y f ) are made such that holds: ^-) = \(s)v. 

The coordinate changes y^ 1 o y at any U l k[ can be put together to an isotopy 

which is defined to be y~ x o y on any t/^ and the identity elsewhere. Note that 
4>o = id and <p^(y) = Ms)u f° r V G ^jw with |y| < p. Given a path 7 : [a; b] — > Zo 
over u based at w, we can define a homotopy _ff by H (t, <;) :— <f>^ 07(f). This H (•, 
is a path over A(^)w based at w. 

Now take a Chen-closed / = aj ipj x ® • • • ® ^ e ©* = i ® r -A 1 - We obtain 
by the definition of iterated integrals along paths over A(?)u based at w: 



(4.4) / 1= Up- 

Here the dga-automorphism <j>* : A* — ► A* is defined by 

Kl^r : £"(AIogPi)-»S'(AIogPi) and 
id : E'(A 1 ) (g) A*^i? , (A 1 ) ® A*. 
* induces an automorphism ©* =1 <££T of © r=1 ® r which we also denote 



by </>*. This is the <j)* in (|4J) 



We are done with the proof of the theorem if we can show for all paths 7 6 



1= / A( ? 



7 



Also this statement will be proved by first looking at the local and then at the 
global situation. 

Local Situation: Assume here that i9 : [a; b] — > U%f U {pki} U C/^ is a path over 
v that meets the double point pki once with parameter value to, where it changes 
from Dk to A- (Since <p*I and X(<;) N I are nearby homotopy functionals, we do not 
have to worry about paths that collide with a double point.) Suppose the endpoint 
0(6) of d be such that \y(tf(b))\ > 

Notice that the two coordinate systems (x,y) and (a;,y ? ) around pfci give two 
different localizations in a sector at the double point pm 

A' -> AJ, and A' - 1^ 

respectively. Denote the images of / under these natural maps by I k i resp. Iki- 
Observe moreover that <j> q induces 

A ■■ U k k r = {y # K- } ^ U k kl - = {y, # W.- }. 

Then we can extend the dga-automorphisms <fi* and \(s) N of A' to dga-isomorphisms 
with the same names, <f>* and \{<,) N , from A kl to A kl like indicated in the following 
two commutative diagrams. 



A' ► A' M logy w 

■I 1*-' I I 

A' > A' kl logyo^(y) w, 
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I. e. <j) q on A' kl is the pull-back with <f>*. Extend \(<;) N by 
A' ► A' kl logy w 

A' > A' kl log y(y) (tu-logA). 



We know by Theorem 4.6 that for I^i and the points 0(6), 0(a) there is a function 
/fci € A kl such that holds: 

1 1= I hi = hi (y o m) - fki(y o 0(a)) . 

Since both, 0* and A(<^) Ar , are isomorphisms of dga's, which preserve the values of 
functions on and 0(a), the pull-back is such a function for <j)*Iki and 

\{<,) N fki is such a function for \{s) N Jjy. That is to say: 



,v,w 



i>*I = J <t>*Ju = (fjk) (y ° 0(6)) - (#/w) (y ° 0(a)) 

and 

( A(^ N / = J m N hi = (A(0^/w) (y o 0(6)) - (a(^/ h ) (y o 0( o )) . 
If /fej is given by 

m m 

hi = QkA x ) tog" x + Y 9i Av) lo g" y + p (£> 

then 

<t>*fki = 9kA x ) kg" x + X! ^."(f) lo g" y + 

!/=0 i/=0 

and 

m m 

A(?) W /h = 9^ A*) tog" x + ]T MiK*)) log" (y(y)) + P(£, «, «; - log A). 
Because of y(y o 0(6)) = y o i?(6) as |y o 0(6)| > we finally find: 

/ 4>*i= I \(,) N i. 

Global Situation: Let 7 : [a; b] — * Zo be a path over w based at w. At the double 
point po € -Do j we have the embedding x = p : Dq — > C. Like before, let a be the 
straight path 1 1— > (1 — i) from 1 to G -Do- Decompose like in the proof of Theorem 
4.12 the path 17*7* a -1 = 70 *• ■ ■ *7m+i such that for a Chen-closed / each of the 
paths j u satisfies: f </>*/ = J \(<;) N I. 

Let u> be a formal power series connection with curvature zero. Then we can 
apply </>* and A^)^ to oj by applying them to each coefficient. We know that the 
transport associated to <f)*u> and the transport associated to \(s) n uj take the same 
value on all paths j v . Apply Theorem 4.12 to prove the theorem. □ 
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5. Plane Curve Singularities 

In this last section, we finally want to show, how the setting of arises in the 
case of plane curve singularities. Throughout the whole section let 

/ = /o--/r-i : (C 2 ,0) (C,0) 

be a plane curve singularity with r branches. 

First w e wi ll construct a map h : (Z, D + ) — > (A, 0) with the properties described 
earlier in |l.l| and which is related to / in a natural wa y. We obtain this map 



h : (Z, D + ) — > (A, 0) by a construction that is described in [ 5tc77 | . We refer to this 
process as semistable reduction. 

Then we construct orbits of tangent vectors in To A and in T Po Dq under the 
action of certain roots of unity. All these objects are defined in such a way that 
any right-equivalence between two plane curve singularities transforms these data 
into each other. That is, what the word natural refers to in this context. 

Finally, we will define the mixed Hodge structure on the nearby fundamental 
group of a plane curve singularity and will finish with an example. 

5.1. Semistable Reduction. Consider the plane curve singularity f = fo ■ ■ ■ f r -i 
with r branches and let ir : (X,E + ) — > (C 2 ,0) be its embedded (minimal) resolu- 
tion. Let E denote the divisor (/ o 7r) _1 (0) with components E — lj i>0 Ei, where 
Ei has multiplicity e^. Let Eq U • • • U £ r — l be the strict preimage of / _1 (0) in 
X; that is the closure of (/ o 7r) _1 (0) \ 7r _1 (0) in X. Assume that the component 
Ei corresponds to the factor fi in /. Define E + , the exceptional divisor, to be 
Ui> r -i Ei- The EiS for i > r — 1 are all rational curves. Call qo, . . . ,q r -i the 
intersection points Ei (1 E + for i = 0, . . . , r — 1. 

Let d = lemi and let 9 : A — > C be the map t i— > t d . Now consider the 
normalization of the fibered product of / o tt and 9: 

Z 1 := X x c A. 

There are projections h' : Z' — * A' and P' : Z' — * X. Denote the closure of 
(/otto P') _1 (0) \ (tt o P') _1 (0) in Z' by D' U • ■ ■ U D' r _ v It is not difficult to see 
that due to the fact that e — ■ ■ ■ — e r _j = 1 the projection P' maps D' U- ■ ■UD' r _ 1 
to Eq U • • ■ U E r _i. Assume the notation to be such that D[ is mapped to E^ 

Proposition 5.1. Z' has possibly cyclic quotient singularities. More precisely, for 
each singular point p £ Z' there exists a natural number n p > and an isomorphism 

<C{a,f3,n} 



{a[3 — n n p) 



that maps h! to n. 



For a proof of this proposition we refer to [ |Ste77| or [ Kae97 



Now we resolve these singularities of Z' according to a well-known procedure 



(cf. for instance |BK91]). For a singularity of the type: a(3 — if 1 we replace the 
singular point by a chain of (n — 1) copies of P 1 in the following way. 

Consider n copies of C 2 with coordinates (it,, Vi) for i = 1, . . . , n. These spaces 
are glued together by the following glueing maps: 

<Pi: C 2 \{ Wi =0} C 2 \K +1 =0} 

i-> (j-, Uivf) = (u l+1 ,v l+1 ) . 
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Call the result M and observe that M is smooth. Now the resolution of the variety 
{a/3 — r) n = 0} is given by the map M — > {a(3 — n n = 0}, that is defined on the 
coordinates (ui,Vi) by (Wj,«i) i— > ; _l ; UiUi) = (a,0,rf). Notice 

that this map is well-defined. In this way we can resolve all the singularities of 
Z' and find a map h : (Z,D + ) — > (A, 0) with the desired properties. We have a 
commutative diagram of space germs 

(Z,D+) (X,D'+) 

h /OTT 

(5.1) J- i 

(A,0) ► (C,0) 

t i — ► tf* , 

such that P induces an isomorphism over A* between the spaces Z \ /i _1 (0) and 



(C \ / (0)) xc* A*. With the notation of 1.1 we are ready to prove 



Proposition 5.2. Let f, f : (C 2 ,0) — > (C, 0) be two right- equivalent plane curve 
singularities, i. e. there is a biholomorphism <ft '■ (C 2 ,0) (C 2 ,0) such that f o <p = 
f . Let then h : {Z, D + ) — > (A, 0) and h : [Z, D + ) — > (A, 0) be the maps constructed 
by the procdure above for f and f respectively. Then cj> lifts to a biholomorphism 
$ : (Z, D+) -> (Z, D+) such that holds ho<5> = h. 

Proof: The assertion follows from the fact that both copies of (C 2 ,0) have under- 
gone the same blowing-up procedures, which of course do not depend on coordi- 
nates. □ 



5.2. Canonical Tangent Vectors. In this subsection we first recall some well- 
known facts about the map t i— > t d . These observations will be used to construct 
an orbit under the action of the d-th roots of unity on (To A)*. 

If we distinguish one branch /q of the singularity / then a careful study of the 
Puiseux expansion of fo will show subsequently that there is a natural orbit under 
the action of certain roots of unity on (T po Do)*, which we call the monstrance of 
(/,/o). 

5.2.1. Pulling Back Tangent Vectors. Let A and A' be two disks in C around 0. 
Always, when we are given a holomorphic map ip : A — > A' of multiplicity to, 
then the differential of <p in is zero, when m > 1. However, a tangent vector 
v € (To A')* defines in a natural way m tangent vectors Q^v S (TqA)* for v = 
0, . . . , to — 1. 

Let us refer to the set {Cm^ € (TqA)* | v = 0, . . . , m — 1} as to the inverse star 
of v ' under (p. We will give two descriptions of this phenomenon: a concrete one 
and an abstract one. 

The concrete description is as follows. Choose a coordinate z' on (A', 0) such that 
v 1 = T^p- . Then there is up to a choice of an TO-th root of unity only one coordinate 
z on A such that: z' o <p = z m . Define the m tangent vectors by Cmj^ e (^oA)*, 
where v = 0, . . . , to — 1. Notice that this definition does not depend on the choice 
of z'. 

The abstract description is the following. Let m resp. m' be the maximal ideal in 
0A,o resp. Oa',o and let m/m 2 resp. m'/m' 2 be the corresponding Zariski cotangent 



o.s 
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spaces. Observe that by the duality 

T A <g> (m/m 2 ) -> C 

~ X( 5 )(0) 

a choice of a tangent vector in TqA corresponds to the choice of an element in 
m/m 2 . Now ip induces a map 

ip* : m'/m' 2 -► m m /m m+1 
g' i-> g' o ip. 

On the other hand we have the composition of natural maps: 

m/m 2 - (m/m 2 )®" - m m /m m+1 
g i ► 3® • • • ®g 

Oi ® ■ ■ • ® a m i—* ai • • • a m . 

Each non-zero element in m m /m m+1 has m inverse images in m/m 2 under this 
composition of maps. This shows that a tanget vector v' £ (TqA')* determines m 
tangent vectors in (To A)* in a natural way. 

For plane curve singularities / : (C 2 , 0) — > (C, 0), the tangent vector Jj € (T C)* 
is preserved under right-equivalences. Denote by 

S(^) = {C d ve(T Ar\u = o,...,d-i} 

the inverse star of under the map 8 : 1 1— > t d . 

5.2.2. T/ie Monstrance of (/, /o) . Let fo be a distinguished branch of / with Puiseux 
pairs (mi,ni), ... , (m g ,n g ). With the definitions m :— m\---m g and k := 
n\m,2 ■ ■ -rn g , we will define a natural orbit of m ■ k tangent vectors in (T Po Eq)* 
under the induced action of the group \i m -k of mfe-th roots of unity. We will refer 
to this orbit as to the monstrance of (/, /o) and Jj. We denote it by Ai(fo; Jj). 
Its elements will serve as base vectors like the w in the discussion in the previous 
sections. 

The idea for the construction is the following. Note that the map P in ( |5.l[ ) 
maps Eq biholomorphically to Dq. We know that if we have a parametrization 
t : (C,0) — > (Eo,qo) of the strict preimage, then this defines a tangent vector in 
T qo Eo respectively T po Do, namely: The Puiseux expansion is a parametriza- 
tion p : (C, 0) — > (/ ~ 1 (0),0) with the property that it can be lifted to a smooth 
parametrization p : (C,0) — *■ (Eo,qo). In this way, a Puiseux expansion yields a 
tangent vector in T qo Eo. Now for the irreducible plane curve singularity fa, we can 
always find coordinates (x,y) of C 2 such that 

fo(x,y) = l-x m + --- + l •/ + ••• , 

where x m and y fe are the smallest pure powers of x and y respectively. Up to first 
order, there are m- k such coordinate systems. This requirement on the coordinates 
with respect to /o determines the Puiseux expansions up to first order. Up to first 
order, we get m-k canonical parametrizations of (E , q ) and therefore m-k canonical 
tangent vectors. 

But let us give a geometric meaning to this construction. Since for the moment 
we do not want to fix coordinates on C 2 , we let (X, xq) := (C 2 , 0). 
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Definition 5.3. Let i : (L,x ) <—> (X,x ) be a 1-dimensional smooth subspace of 
(X,xq). We will call a map P : (X, xo) — > (L,x ) a projection of (X,x ) onto 

(L, xq), if the induced map T Xa L T Xo X ' PP > T X() L is the identity. 

Now let i : (R,x ) (X,x ) be the tangent to (f o ~ 1 (0),xo) C (X,x ). We 
formulate the following theorem. 

Theorem 5.4. Let f = / • • • / r _i : (X, Xq) — ► (C, 0) fee a plane curve singularity 
with one distinguished branch f . Let (mi,ni), . . . , (m g ,n g ) be the Puiseux pairs 
of fo- Set m := mi • • • m s and fc := n\m<i • • • m g . 

Let l : (R,xo) Xo) oe i/ie tangent and ir : (X,E + ) — ► (X, xo) 6e ffte 

embedded resolution of f. Then for any projection P : (X, Xo) — > (i?,x ), ifte 
composition (f> of maps 

(£ ,9o) ► (^,ar ) — » (-R,x ) > (A,0) 

/ias multiplicity m ■ k and the inverse star of the tangent vector Jj under does not 
depend on the choice of the projection P. 

Proof: Choose coordinates (x, y) on (X, x ) such that the following two conditions 
are satisfied: 

• The tangent line (R,x ) of (/ _1 (0),x ) is given by x = 0. 

• /o(x, y) = 1 • x m + • • • + 1 • y k + ■ ■ ■ , where x m and y k are the smallest pure 
powers of x and y respectively. 

Then the Puiseux expansion of fo with respect to (x, y) has the following form, 
where m < k (/ is irreducible): 

x(r) = a fe T fc + a fe+ iT fe+1 +■■■ 
y(r) = r m 

and a™ = —1. Moreover we can find fo back by: 

m—l 

f(x,y)= [] (x-x{C m y-)). 

t can be used as a coordinate on the strict transform (E,qo). We may take y := 
y\ as coordinate on the tangent line (R, x ). 

Any projection P : (X, x ) — > (R, x ) is a priori given by yoP(x, y) = y(P(x, y)) — 
Ax + By + h(x, y) and h(x, y) G m^ x xo y The condition ^Pjy R = ^ means here: 

B = 1. Hence, we find for a unit u(r) e C{t} \ m with u(0) = £„: 

yoP(x(T),y(T))=T m + T m+1 (:--) 
= T m -u(r) m . 

Therefore 

0(r)=/o(O,yoP(x(r), y(r))) 

m—l 



(-ir[]i(CT-«(r)) 



i/=0 
m—l 



= {-l) m+k af T m - k + T m - k+1 (•••). 

This shows that </>(r) has multiplicity m • k and the term of lowest order does not 
depend on the choice of P. □ 
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Definition 5.5. Define the monstrance of (/, /o) to be the inverse star of Mr under 



a map <f> like in Theorem 5.4 and denote it by 
d_ 
dt 



M(f ;-)={C k UJ€(T qo E y\v = 0,... ,mk-l}. 



Remark 5.6. m ■ k does not divide d in general. For instance in the example of 



Section 5.4 is m = 4, ft = 6 and d = 156. However, if / = / and /q has only one 
Puiseux pair (m, A;) = (mi, ni), then to • k divides d as one easily sees by blowing 
up twice. 

5.3. The Invariant. Here finally we are going to associate to a plane curve sin- 
gularity an invariant of its right-equivalence class. In fact it is an invariant of the 
following seemingly coarser equivalence relation. 

Definition 5.7. We say that two hypersurface singularities 

/, 9 :(C" +1 ,0)^(C,0) 

are right-equivalent to first order if there are isomorphisms (f> : (C ,l+1 ,0) — > (C n+1 ,0) 
and (p : (C, 0) — > (C, 0) such that g o (f> = -- ip o / and ip* : TqC — > TqC is the identity. 

The following theorem^] might be interesting in this context. 

Theorem 5.8. Two plane curve singularities are right- equivalent if they are right- 
equivalent to first order. 

Proof: Let / : (C 2 ,0) — > (C, 0) be a plane curve singularity and let h(t) — t + 
a2t 2 + 03 i 3 + • • • be in C{t}. We have to show that / and ho f are right-equivalent. 
Let m be the maximal ideal in <C{x,y}. According to a theorem of Briancion- 
Skoda [BS74| (see also | LT81| ) f 2 € mC{x,y}. Using this result one can show 



by a standard construction (see for instance [Lam75] p. 189, V§4, Prop. 4) that 
all f t in f t (x, y) := f(x, y) + t (a 2 f 2 (x, y) + a z f\x 1 y) H ) are mutually right- 
equivalent. □ 

Definition 5.9. Let f = fo ■ ■ ■ f r -i '■ (C 2 , 0) — > (C, 0) be a plane curve singularity. 
For all s > 1 we define 

(5.2) TO*):=0| {Jva/J^I 
and we call the direct limit 

93(/,£):=lim 

the mixed Hodge structure on the nearby fundamental group of the plane curve 
singularity f. 

Note that fi^ acts on *P(/, More precisely, £^ = e 2 ^ 1 ' € \id acts as the map: 

(5.3) (C d y N = e 2 -- : ( J^J * -> (JqW^)* " 

Let (m^,n^), . . . , (m| , Tig}) be the Puiseux pairs of the branch /$ and define 
ro« := ■ ■ ■ m<£ and JfcM := rif^ • • • m$ . Then each of the groups fi mii)m 

13 This theorem was pointed out to us by Claus Hertling. 
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acts on ■§{). Let AfW be the map M of 3.15 associated to the distinguished 

branch f{. Then C v cotco induces the map 

( 5 - 4 ) (C«)fc«) : ( J v,iSi/ J ^a^ z ( J Qv,c^ (i)kii) wi/JQS£v w (i) v} ( )z,- 



By Theorem |1| all the maps in fl5.3p and (^J) are isomorphisms of MHSs over 



1. Let T be the monodromy of the local system 

Define L := (AjV - £i=o pj^lf'') : H°B(A',a) -> H°B(A',a) and moreover 
£:=©i:0 a) - a). 

The map £ sends the summand with index (i, if, tSj) to the summand corresponding 
to (i, Qv, C, m (i) k (i)Wi). By virtue of Theorem 3 . 1 5| we find for d 6 C*: 



T = e- 2M and <JT (/, = <T £ ^ (/, &) z 

from where we may conclude that the family of MHSs 



is a nilpotent orbit of MHS. Note that on the components of the direct sum (5.2) 
the monodromy T is given by 

e 2mL : (jWi/Jjtf^-* (jCd#£ m w h (i)tii/ J ctf,c mWh(i) iji^) z - 
We consider both lattices as sub-lattices of H°B(A', a). 

5.4. An Example. The only purpose of the example we give in this subsection is 
to indicate that the mixed Hodge structure on the nearby fundamental group of a 
plane curve singularity detects moduli that are hidden for the MHS on the vanishing 

cohomology. We focus especially on effects coming from the monodromy on J / J . 
But in general, we also expect interesting information from higher periods - even 

on J I J .A systematic investigation of the invariant on classes of singularities still 
remains to be done. 

Here we investigate the example ( |0.l| ) that was mentioned in the introduction: 

h(x, y) = (y 2 -x 3 ) 2 - (4Xx 5 y + \ 2 x 7 ) , A ? 0. 
All fx have Milnor number 16 and the resolution of fx is shown in Figu re [)J From 



this resolution and from the Milnor number it is not difficult (cf. [BK86]) to derive 
that the divisor with normal crossings D C Z has the shape that is illustrated in 
Figure [n]. Moreover we see d = 156. Notice also that m = 4 and k = 6. 
Observe that the automorphism of (C 2 , 0) which is given by 



72 



RAINER H. KAENDERS 







13 


12 


6 

^ 26 










4 



FIGURE 9. The resolution of fx(x,y) = (y 2 - x 3 ) - (4\x 5 y + \ 2 x 7 ). 



has the property that: fx(x, y) 
diagram: 



■■6 



f$x(x, y). Or likewise, <f> yields a commutative 
(C 2 ,0) 

^ (C,0). 



(C 2 ,0) — 

(CO) 

Hence, the MHS on the nearby fundamental group of the pair (f#\, is isomorphic 
totheoneof (/ A ,tf 12 £),i. e . qj(/*A,*)S <P(/ A ,tf 12 £). 

Therefore, we fix one fx and consider how ^(/a, $ 12 -§t) varies, when we change 
?9 12 =: 9. We know that for any s > 1, the variation of MHS { $P s (/a, ^^)} eeC » 
is the nilpotent orbit of MHS associated to the pair ( ^p s (/ A , 9-§^), C), where C — 
is the nilpotent endomorphism given by L = j^qN — ^M. 

Denote by hx : (Z\,D~£) — > (A, 0) the map that is obtained by semistable 
reduction from f\. By Theorem [T3 we have a commutative diagram 



(Zx,D+) 



(A,0) 



t 



(c,o) 

fx 

(CO) 
t 156 . 



To hx we associate the dga A' and note by Corollary 2.20 on page |33| that 

H 1 (A') is a pure Hodge structure of weight 1. Since ( J / J )* has weights 1 and 2 
and since N and M both lower the weights by 2, we see that N and M are both 

zero on (J/ J )*. This shows that the nilpotent orbit of MHS 

W/a,^)W 
is constant. Our goal now is to show: 
Proposition 5.10. The nilpotent orbit of MHS 

{<p 3 (/a,^)W 

is not constant. 
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FIGURE 10. The divisor D for f\(x,y) = (y 2 - x 3 ) - (4\x 5 y + \ 2 x 7 ). 



Proof: In order to prove this proposition we just have to show that L ^ 0. Choose 
v £ S(§t) and w £ M.{-§t). On the elliptic curve D 7 , choose a point * £ D 7 and a 
closed path a based at *. Let u/ 7 ) be a holomorphic 1-form on D-j such that 

f = 1 

J a 

There exists a pP^> £ E 1 (D 7 \ogp e7 ) such that lo^ A ui^ + dp^ = and p := 
Res P67 p^ 7^ 0. Now let rfP , . . . , r)P be meromorphic forms on D\, . . . ,D e re- 
spectively and = p al & £ A X (y) such that: 

p iti+1 = Res PM+1 riP = - Res Pi _ M r/ 4 (7) = -p. 
Now consider the Chen-closed element in (A 1 <g> A 1 ) © A 1 that is given by: 

ft = J T > ® w< 7 ) ® w< 7 ) + J T > ® (V 7 > + ^ 7) + • • • + ^ 7) + p 67 6 + • • • + poiO) . 

And note that N(Cl) = uj^ <g> (p 67 d£ H h poid£). There is an h £ A such that 

h(Poi) = and dh — pa 7 d^ + • • • + poid£. It is easy to see that for this h holds 

[N(Q)] = (p 67 dt + ■ ■ ■ + poid£)) = (-^ (7) ) = G H°B 3 {A',a). 

Similarly we see [M(fl)] = (puj {7) ) £ H°B 3 (A' ,a). From this we derive: 

1 1 °>9 

[L(Q)\ = j^Wm -[M(Q)] = (-^P " (7) ) * 

□ 
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Remark 5.11. Since «p 2 (/ A ,6^) = ^ 2 (fx, for all 9 e C*, we may consider 
the map 

c* -> Ext MHS (e_,, J ff 1 (^); *P 2 (A,£)) 

^ < P 3 (/A,^)-0 i? , tu -^ 1 (^) 03 }- 

The fact that [u/ 7 )] <g> [J 7 ^] <g> [u/^] € J^fff 1 ^") 83 ) and £ F 2 ^ 1 ^') = 

can be used to prove that even the map ( |5.6| ) is not constant. 
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